LISSE EXTENSIONS OF WEAVES

ADEEL A. KHAN

ABSTRACT. Any sheaf theory on schemes extends canonically to Artin
stacks via a procedure called lisse extension. In this paper we show that
lisse extension preserves the formalism of Grothendieck’s six operations:
more precisely, the lisse extension of a weave on schemes determines a
weave on (higher) Artin stacks. The setup is general enough to apply to
the stable motivic homotopy category with the six functor formalism of
Voevodsky—Ayoub—Cisinski-Déglise, for instance, and is not specific to
algebraic geometry: for example, it also applies to sheaves of spectra on
topological stacks.
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INTRODUCTION

In the groundbreaking paper |LZ|, Y. Liu and W. Zheng extended the
formalism of Grothendieck’s six operations on derived categories of étale
sheaves from schemes to Artin stacks. While the technology they developed
is not specific to derived categories of étale sheaves, their construction does
have certain limitations in its applicability. In this paper, we will prove a
general extension theorem for six functor formalisms. Some archetypical new
examples are as follows:

(a) Spectral Betti sheaves: The sheaf theory X — D,n(X;S) sending a
locally of finite type C-scheme X to the stable oo-category of sheaves
of spectra on the analytification X (C).!

(b) Motivic sheaves: The sheaf theory X ~ Dyt (X; R) sending a scheme
X to the stable co-category of R-linear motivic sheaves on X (see
(7.2.2) for what we mean by this), where R is a commutative ring.

(¢) Motivic spectra: The sheaf theory X — SH(X) sending a scheme X
to the stable co-category of motivic spectra on X.

In example (a), the difficulty is that the unit object (the constant sheaf
on the sphere spectrum S) does not lie in the heart of the cohomological
t-structure on D(X); the fact that this problem does not arise in the context
of derived categories of étale sheaves is exploited in [LZ] to bypass some
major homotopy coherence issues.

Here S denotes the sphere spectrum. We could more generally take X — Dan(X; R)
for any €e-ring spectrum R.
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In examples (b) and (c), there is a further orthogonal difficulty: these sheaf
theories do not satisfy étale descent.? In particular, there is no descent along
the Cech nerve of an atlas X - X of an Artin stack X by a scheme X.

While still relying essentially on some foundational machinery developed in
[LZ] (as distilled conveniently in [Man, §A.5]), we give a different construction
of the six operations on Artin stacks which circumvents both of the above-
mentioned difficulties. Given a sheaf theory X — D(X) on schemes, define
the lisse extension D by the limit of co-categories

D (X) := lim D(S) (0.1)
(S.)

for an Artin stack X, where the limit is taken over the co-category Lisy of
pairs (S,s: 5 - X) where S is a scheme and s a smooth morphism; the
transition functors are *-inverse image. We would like to show that when
the categories D(X) admit the six operations as X varies over schemes, the
oco-categories DY (X) still admit the six operations as X varies over Artin
stacks.

To state the result, we use the language of weaves introduced in [Kha2].

Theorem A. Let D be a weave on the category of schemes.

(i) If D} satisfies étale descent®, then there exists an essentially unique
extension of D{ to a weave Df]’* on the co-category of (higher) Artin
stacks such that the underlying presheaf D<"* is the lisse extension of
D*.

(ii) If Dy satisfies Nisnevich descent, then there exists an essentially unique
extension of D{ to a weave D!<] " on the co-category of (higher) Nis-Artin

stacks such that the underlying presheaf D<"* is the lisse extension of
D*.

See Subsects. 7.1 and 7.2. Let us point out that the weave D!<] " in particular
incorporates Poincaré duality isomorphisms for all smooth morphisms of Artin
stacks (see Corollary 2.1.4).

We have evidently bypassed the second difficulty mentioned above by simply
modifying our notion of Artin stack. The definition of Nis-Artin requires
the existence of an atlas X - X which is smooth and admits Nisnevich-local
sections.? See [KR, 0.2.2] for background on Nis-Artin stacks.

In fact, we work in an axiomatic geometric context that applies not only to
Artin stacks in algebraic geometry, but also to the analogues of Artin stacks
on topological spaces, complex-analytic spaces, and so on. For example, we
study the example of sheaves of spectra on topological stacks in Sect. 8. See
Corollary 3.4.7 for the abstract extension theorem.

2unless R is not a Q-algebra, in example (b)
3meaning that the underlying presheaf D* : (Sch)°? — Cat satisfies étale descent
“Whereas in the usual notion of Artin stacks the atlas is required to be smooth and

surjective, or equivalently smooth and admitting étale-local sections
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0.1. Conventions and notation.

0.1.1.  Ani denotes the co-category of anima (a.k.a. oo-groupoids or homo-
topy types).

0.1.2. Cat denotes the co-category of (large) oo-categories, Cat™ denotes
the oco-category of (large) co-categories and left-adjoint functors, Prl denotes
the oco-category of presentable oco-categories and left-adjoint functors, and
PrR denotes the co-category of presentable co-categories and right-adjoint
functors.

0.1.3. Let € be an oo-category. Given a presheaf of co-categories denoted
D* : ¢°P — Cat, we adopt the following notation:

e For every object X € ¢, D(X) denotes the co-category D*(X).

e For every morphism f: X - Y in ¢, f*: D(Y) - D(X) denotes the
induced functor D*(f).

e Suppose D* takes values in Cat". Then for every morphism f: X - Y
in ¥, f* admits a right adjoint f,.

Analogously, given a presheaf denoted D' : €°P - Cat, we write instead
f1:D(Y) - D(X) for the functor induced by a morphism f: X - Y in 4.

Suppose ¢ admits finite products and D* is lax symmetric monoidal with
respect to the cartesian product on 4. Then we have:

e The tautological commutative comonoid structure on any object X € €
gives rise to a symmetric monoidal structure on D(X).

*

e For any morphism f: X — Y in &, the functor f
monoidal structure.

inherits a symmetric

e If D* takes values in Cat™, then for every X € € the symmetric monoidal
structure on D(X) is closed. Thus there is an internal hom bifunctor
Hompy)(—,-) : D(X)°* x D(X) - D(X) for every X in ¢, right
adjoint to the bifunctor (=) ® (=) : D(X) x D(X) - D(X).

0.1.4. Let ¥ be an oo-category with fibred products. By a class of morphisms
in ¢ we will mean a subcategory & ¢ ¢ which contains all isomorphisms.

We say that & is closed under base change if for any morphism f: X - Y
in & and any morphism Y’ - Y in ¢, the base change f': X xy Y’ - Y’
belongs to &.

We say that & is closed under sections if for any morphism f: X - Y
belonging to &, any section i: Y — X (so that foi ~id) also belongs to &.

Note that if & is closed under base change and sections, and f: X - Y
belongs to &, then the diagonal Ay : X — X xy X also belongs to &. Similarly,
it follows that & is closed under two-of-three.
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0.2. Acknowledgments. I would like to thank Marc Hoyois, Tasuki Kinjo,
Charanya Ravi, and Pavel Safronov for discussions and/or encouragement to
finally write this paper.

1. WEAVES

1.1. Correspondences.

1.1.1. Let & be a class of morphisms in %" which is closed under base change.
Given two objects X; and X5 in €, an éa—correspomience5 from X7 to X5 in
% is a diagram of the form

X122 — Xy
|s (1.1)
X1

where g belongs to &.

1.1.2.  Given a class of morphisms & which is closed under base change, we let
Corrg (%) denote the symmetric monoidal co-category of &-correspondences
in ¢, defined as in |Gai, §5.1], |GR, Chaps. 7 and 9|, or [LZ, §6.1].

Objects of Corrge(%) are objects of €. Given objects X7 and Xa, mor-
phisms X; - X5 in Corrg (%) are &-correspondences from X; to Xs. Given
objects X1, Xo and X3, and morphisms X; - X9 and X3 - X3 given by
&-correspondences

X122 2 X, Xo3 2. X3,
lfl lf2
X1 X5

respectively, the composite (X2 - X3) o (X7 - X3) is given by the &-
correspondence

!

91 g2
X123 — X93 —— Xj,

| |

where X 23 is the fibred product of X2 and X33 over Xo.

The monoidal product on Corrg (%) is the cartesian product.

Sor simply correspondence, when & is clear from context
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1.1.3. There are canonical functors
¢°P > Corrg(€¢), & — Corrg(%€) (1.2)

given by identity on objects and by sending morphisms f: X — Y in %, resp.
g: X - Y in &, to the correspondences

X _— X, X _g' Ya
I s |
Y X

respectively. The functor €°P — Corrg (%) is symmetric monoidal.
1.2. Preweaves.

1.2.1. Let ¥ be an oco-category with fibred products, and & a class of
morphisms in ¢ which is closed under base change.

Definition 1.2.2. A left preweave on (€, &)% is a lax symmetric monoidal
functor

Dy : Corrg (%) — Cat, (1.3)
with respect to the cartesian monoidal structure on Cat.

Given a left preweave Dy on (%,&), we will say that a morphism in € is
shriekable if it belongs to &.

Definition 1.2.3. A preweave D', is a left preweave such that the functor
Corr(%) — Cat factors through the co-category Cat! of co-categories and
left adjoint functors. By passage to right adjoints, D| determines a functor

D' : Corrg(%)°P — Cat.

1.2.4. Given a left preweave Dy on (%,&), we obtain by restriction along
the functors (1.2) a lax symmetric monoidal functor

D*:€°" - Cat (1.4)
and a functor
D,: & — Cat. (1.5)
If Df is a preweave, we also obtain functors
D, : % — Cat (1.6)
and

D': &P - Cat. (1.7)

6or simply “on €7, when & is clear from context
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1.2.5.  Given a left preweave Dy on (%, &), the functor (1.3) associates with
every object X € ¢ an oo-category D(X).

Any object X in ¥ admits a tautological commutative comonoid structure
with respect to the cartesian product, which gives rise to a commutative
monoid structure on D(X') in Cat, i.e., to a symmetric monoidal structure
on the co-category D(X). If Dy is a preweave, this is a closed symmetric
monoidal structure: there is an internal hom bifunctor Ho_mD( X)(—,—) :
D(X)? xD(X) - D(X) for every X in ¥.

For every morphism f: X — Y in 4, we have a symmetric monoidal
functor f*:D(Y) - D(X). If D{ is a preweave, this admits a right adjoint
e

For every shriekable morphism f: X — Y, we have a functor f;: D(X) —
D(Y') which is D(X)-linear, where the D (X )-module structure on D(Y") is
via the symmetric monoidal functor f*. In particular, there is a canonical
isomorphism

Ex®* i fi(-) @ (=) = fi(-® () (1.8)
called the projection formula. If D{ is a preweave, fi admits a right adjoint
.

For every cartesian square
X L.y
lp lq (1.9)

x 1.y

the functor Dy encodes a canonical isomorphism
Ex/ :¢" fi ~ gip” (1.10)

called the base change isomorphism.

1.2.6. We say that a preweave Dy is presentable if every oco-category D(X')
is presentable for every X € ¢. Equivalently, D, takes values in prl.

1.3. Smooth axioms.

1.3.1. Suppose given a left preweave on (¢,&). Let f: X - Y be a
morphism in 4 and form, for every morphism ¢:Y’ - Y in €, the cartesian
square

X 2.y

lp lq (1.11)

x L.y

Consider the following conditions:

(Sm1) The functor g* admits a left adjoint gy.

(Sm2) The functor gy satisfies the projection formula. That is, the exchange
transformation Ex‘;M 1g5(-®g"(-)) = gy(-)®(-) (A.2) is invertible.
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(Sm3) The functor fy commutes with *-inverse image. That is, the exchange
transformation Exy : gyp™ — ¢” fy (A.8) is invertible.

Sm4) The functor f; commutes with (shriekable) !-direct image. That
!
is, if ¢ : Y’ — Y is shriekable, then the exchange transformation
Exy1: fypr = qgy is invertible.

(Smb) For any shriekable section i : Y’ — X' of g: X’ - Y, the functor
gyt is an equivalence.

We say that D) admits §-direct image for f if all these conditions hold. Given
a lax symmetric monoidal functor D* : €°P — Cat, we say that D* admits
f-direct image for f if the conditions (Sm1), (Sm2), and (Sm3) hold.”

1.4. Proper axioms. Suppose given a left preweave on (%,&). Let f: X —
Y be a morphism in ¢ and form, for every morphism ¢: Y’ - Y in ¥, the
cartesian square

X 2.y

lp lq (1.12)

x L.y

Consider the following conditions:

(Pr1) The functor g* admits a right adjoint g,.°

(Pr2) The functor g, satisfies the projection formula. That is, the exchange
transformation Ex5* : g, (=) ® (=) = g« (-®g*(-)) (A.3) is invertible.

(Pr3) The functor f. commutes with *-inverse image. That is, the exchange
transformation Ex} : ¢* f» = g.p* (A.9) is invertible.

(Pr4) The functor f. commutes with (shriekable) !-direct image. That is,
the exchange transformation Ex . : qig« = fip1 (A.13) is invertible.

(Pr5) For any shriekable section i: Y’ — X' of g: X' - Y”, the functor g.4
is an equivalence.

We say that D} admits %-direct image for f if all these conditions hold. Given
a lax symmetric monoidal functor D* : €°P — Cat, we say that D* admits
+-direct image for f if the conditions (Prl), (Pr2), and (Pr3) hold.

1.5. Weaves.

1.5.1. Suppose given the following data:

e ¥ is an oo-category with fibred products.
e & is a class of morphisms in % which is closed under base change.

o "™ is a class of morphisms in 4 which is closed under base change and
contained in &.

7Altelrnatively7 D* may be regarded as a left preweave D} on (4, €™°) where €™° is
the subcategory of isomorphisms.

81t D; is a preweave, this condition should be interpreted in Cat™ rather than Cat; i.e.,
the right adjoint g. is also required to be colimit-preserving.
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e ©P' is a class of morphisms in 4 which is closed under base change and
contained in &.

We say a morphism is “smooth” or “proper” if it belongs to €™ or €P",
respectively. The quotation marks are part of the terminology here, but we
will omit them when we are in an abstract context where there is no risk of
confusion.

We say a morphism is shriekable if it belongs to &.

1.5.2. A (left) weave on (¥¢,&, €™, €"") is a (left) preweave Dy on (¢,&’)
which admits §-direct image for every smooth morphism in ¢ and *-direct
image for every proper morphism in %.

2. POINCARE DUALITY AND DESCENT

Let & be an co-category with fibred products, and & a class of morphisms
in € which is closed under base change. We let D be a left preweave on

(¢,8).
2.1. Poincaré duality.

2.1.1. Given a morphism f: X - Y in ¢ satisfying (Sm1) with shriekable
diagonal, we set

£y = pry A1 D(X) > D(X) (2.1)

where A : X — X xy X is the diagonal and pry : X xy X — X is the second
projection.

If f satisfies (Sm2), then X is D(X)-linear endofunctor of D(X), i.e., we
have ¥¢(-) =~ (=) ® X¢(1x). If f moreover satisfies (Sm5), then the object
Y(1x) e D(X) is ®-invertible.

Proposition 2.1.2. If Dy satisfies (Sm1) and (Sm4) for a shriekable mor-
phism f: X —Y, then there is a canonical isomorphism fy ~ fi¥.

Proof. Form the cartesian square

Xxy X 22, X

lpr1 lf

x 1 .y

By (Sm4), the exchange transformation Exy,: fypry) — fipry is invertible.
Applying A, on the right yields the canonical isomorphism

Ex !
fy =~ fypr, A —> Jiprg y Ay~ fiXy

asserted. O
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2.1.3. Passing to right adjoints from Proposition 2.1.2 yields:
Corollary 2.1.4 (Poincaré duality). If Dy satisfies (Sm1), (Sm4) and (Smb5)
for a shriekable morphism f: X — Y, then there is a canonical isomorphism

foSefoe ff (=) @Sy(1x). (2.2)

In particular, the object f'(1y)~X;(1x) is ®-invertible.

2.1.5.  The following criterion is useful for checking (Sm5).

Lemma 2.1.6. If D{ satisfies (Sml), (Sm2) and (Sm4) for a shriekable
morphism f: X — Y, then it satisfies (Sm5) for f if and only if the object
Y,(1x/) e D(X') is ®-invertible for every base change g: X' —Y' of f along
a morphism q:Y' =Y in%.

Proof. Necessity is clear. Conversely, let ¢: Y’ — Y be a morphism, ¢g: X' —
Y’ the base change of f, and i : Y’ — X’ a shriekable section of g. The
claim is that gyi is invertible, or equivalently that gyii(1x+) is ®-invertible
(since gy and 4 satisfy the projection formula, the former by (Sm2)). By
Proposition 2.1.2, we compute:

grir(Lx) = 9i(0r(1x) ® Zy(Lxr)) = gu(iri* B (1x1)) = i S, (1)

using the projection formula for gy (Sm2), the projection formula for 4, and
that g o4 ~id by assumption. Since ¢* is symmetric monoidal, it follows that
if ¥4(1x7) e D(X') is ®-invertible, then so is gyii(1x7). O

2.2. Descent for presheaves.

2.2.1. Let € be an oco-category with fibred products and finite coproducts,
and ¥ an oo-category admitting totalizations. Let F : P — ¥ be a ¥'-
valued presheaf of co-categories. Let (f, : Yo, = X), be a collection of
morphisms in &.

We say that F satisfies Cech descent along (fa ) if the canonical morphism
F(X) - Tot(F(Y,)) (2.3)

is invertible, where Y, is the Cech nerve of Y := . Y. —» X.

When F is radditive?, i.e., sends finite coproducts in € to products in ¥,
this amounts to the condition that the following is a limit diagram in %"

F(X)->[]FYa) 3 [[FYap)3 [] FYaps) % .
@ a.p By

where Yy, . a, = Yo, Xx - xx Yy, for any subset of indices oy, ..., ay.

9ef. [Voe]
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2.2.2. Let €*™ be a class of morphisms in % which is closed under base
change. Morphisms belonging to €*™ will be called smooth.

Lemma 2.2.3. Let D* : €°P — Cat be a radditive presheaf of co-categories
on €. Suppose that for every smooth morphism f in ¢, D* satisfies (Sm1l)
and (Sm3) for f and f* admits a right adjoint f.. Let (fo:Ys = X)q be a
finite collection of smooth morphisms in ¥ and write

Jor,wan P You,man = X

for any subset of indices aji,...,a,. Then the following conditions are
equivalent:

(i) The presheaf D* satisfies Cech descent along (fu : Yo = X)a.
(ii.a) For every ¥ € D(X) the following is a colimit diagram in D(X):
+ 2D fapifos(F) 3D fayfa(d) > 7.
a?IB o

(ii.b) For every F € D(X) the following is a limit diagram in D(X):
T~ [Tfarfa(@) 3 [ faputap@) 3
a.f

«

(iii) The family of functors (f})q Is jointly conservative.

Proof. The implications (i) = (ii.a) and (i) = (ii.b) follow from Subsect. B.1
and Subsect. B.3, respectively. It is obvious that (ii.a) = (iii) and (ii.b) =
(iii). It remains to show (iii) = (i). By additivity, the claim is that the
functor

F*:D(X) > Tot(D(¥.)) = Tot ( [ D(Vay,._a)),

at,...,(e

as in (B.1), is an equivalence, where Y =11, Y, and Y, is its Cech nerve. For
this we apply the dual of [Lur2, Cor. 4.7.5.3|, whose conditions are verified
in view of our assumption that for every smooth morphism f, f* preserves
limits and colimits and that f, commutes with *-inverse image along smooth
morphisms (by the dual of (Sm3)). The conclusion is that the right adjoint
F, (B.2) is fully faithful, and that F* is an equivalence if and only if the
functors f} are jointly conservative. (]

2.3. Descent for preweaves.

2.3.1. Assume that € admits finite coproducts. A left preweave Dy is
radditive if D* and D' are radditive.

Proposition 2.3.2. Let D be a preweave on (¢,&) which is radditive.
Suppose that Dy admits f-direct image for every smooth shriekable morphism
fin €. Let (fo:Yy > X)o be a finite collection of smooth shriekable
morphisms in 6. Then the following conditions are equivalent:

(i) The family (f})q Is jointly conservative.
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(ii) The presheaf D* : €°P — Cat satisfies'® Cech descent along (fa)a.
(iii) The family (f})a is jointly conservative.

(iv) The presheaf D': €°P — Cat satisfies'! Cech descent along (fa)a.

Proof. Applying Lemma 2.2.3 to the presheaf D* shows that (i) < (ii). For
every smooth shriekable morphism f in €, we have f'~ f*(-) ® Z;(1) by
Poincaré duality, with ¥ (1) a ®-invertible object Subsect. 2.1. This shows
that (i) < (iii). Finally, to show (iv) < (iii) by applying Lemma 2.2.3 to D',
which applies because for every smooth morphism f, f' admits a left adjoint
fi commuting with *-inverse image, and f' ~ f*(~) ® ;(1) admits a right
adjoint f.(-® Xf(1)®71). O

3. LISSE EXTENSION

3.1. Artin stacks.

3.1.1. Let (€,€"™,€%°") be the following data:

e ¥ is an oo-category with fibred products.
e ¢°™ is a class of morphisms in ¥ which is closed under base change.

e €V is a class of morphisms in % which is closed under base change
and contained in ™.

We assume that whenever f: X — Y is a morphism in € and p: X' - X is a
morphism in €°*°V, if the composite f op belongs to €™ then so does f.

3.1.2.  We fix a context (€, €™, ") as in (3.1.1).

A space is an object of ¥. A morphism of spaces is smooth, resp. étale
covering, if it belongs to €™, resp. €%V,

We also write Spc(%), or simply Spc when there is no risk of confusion,
for the oco-category of spaces (i.e., Spc:= Spc(%) = F).

3.1.3. A morphism of spaces f : X — Y admits étale-local sections if
there exists an étale covering morphism Y’ — Y such that the base change
X xy Y’ - Y’ admits a section. A smooth covering morphism is a smooth
morphism which admits étale-local sections.

3.1.4. A stack is a presheaf of anima on Spc which satisfies Cech descent
with respect to étale covering morphisms.

101f D(X) is presentable for every X, then by [Lurl, Prop. 5.5.3.13] this is equivalent
to the same statement for D* : °P — Pr".

1If D(X) is presentable for every X, then by [Lurl, Thm. 5.5.3.18] this is equivalent
to the same statement for D': €°P - Pr®.
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3.1.5. A stack is 0-Artin if it is a space'®. For n > 0 we define inductively:

(i) A morphism of stacks f: X - Y is (n - 1)-representable if for every
space Y and every morphism Y — Y, the fibred product X xyY is
(n—1)-Artin.

(ii)) A (n - 1)-representable morphism f : X - Y is smooth, resp. étale
covering, if for every space Y and every morphism Y — Y, the base
change X xyY — Y is a smooth, resp. étale covering, morphism.

(iii) A stack X is n-Artin if its diagonal Ay : X — XxX is (n—1)-representable,
and there exists a space X and a morphism® p : X - X which is smooth
and admits étale-local sections.

(iv) If Y is a space and X is n-Artin, a morphism f : X - Y is smooth,
resp. étale covering, if there exists'* a space X and a smooth morphism
p : X — X admitting étale-local sections such that the composite
fop:X - Y is a smooth, resp. étale covering, morphism of spaces.

We say that a stack is Artin if it is n-Artin for some n, and a morphism of
stacks is eventually representable if it is n-representable for some n. Any
morphism of n-Artin stacks is n-representable.

We denote by Art(%’), or simply Art when there is no risk of confusion, the
oco-category of Artin stacks (by definition a full subcategory of the co-category
of stacks). We denote by Art,, (%), or simply Art,, the full subcategory of
Art spanned by n-Artin stacks.

3.1.6. A morphism of Artin stacks f: X =Y admits étale-local sections if
for every space Y and every morphism Y — Y, there exists an étale covering
morphism of spaces Y - Y such that X xy Y’ - Y’ admits a section.

A morphism of Artin stacks f: X — Y is smooth covering if it is smooth
and admits étale-local sections.

3.1.7. Let & < Spc be a class of morphisms closed under base change. We
say &y satisfies smooth-locality on the target if a morphism of spaces f: X - Y
lies in & if and only if there exists a smooth covering morphism Y’ - Y
such that the base change X xy Y’ — Y’ belongs to &.

3.1.8. Let & < Spc be a class of morphisms closed under base change and
satisfying smooth-locality on the target.

We define a new class & 2 of morphisms in Art as follows. A representable

morphism of Artin stacks f: X — Y belongs to @moﬂ if and only if for every
space V' and every smooth covering morphism v : V - Y, the morphism of
spaces X xy V' — V belongs to &.

12\we will identify spaces with the stacks they represent.

Bwhich is automatically (n — 1)-representable when the diagonal Ay is (n — 1)-
representable

141¢ follows from the condition in (3.1.1) that if this holds for a single such (X, p), then
it holds for any such.
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It is clear that this property is closed under composition and indeed defines
a subcategory 53 c Art, and that it is closed under base change. If & is
closed under sections, then é"g is closed under sections.

3.1.9. Let & < Spc be a class of morphisms closed under base change. We
say &y satisfies smooth-locality on the source and target if a morphism of
spaces f: X =Y lies in &) if and only if there exists a commutative square

fo

b
x 1.y

where f( is a morphism in & and v:V - Y and (u, fo) : U > X xy V are
smooth covering morphisms.

3.1.10. Let & < Spc be a class of morphisms closed under base change and
satisfying smooth-locality on the source and target.

We define a new class &4 of morphisms in Art as follows. A morphism of
Artin stacks f: X — Y belongs to &4 if and only if there exists a commutative
square

x Ly
x L.y

where X and Y are spaces, fp is a morphism in &y, and v : ¥ - Y and
(u, fo) : X » X xyY are smooth covering morphisms.!”

This property is closed under composition and indeed defines a subcategory
&g <€ Art, see e.g. |SP, Tag 06FL]. It is also closed under base change (see
e.g. [SP, Tag 06FQ)]). If & is closed under sections, then so is &4 .6

Note that the class &3 (3.1.8) consists of the morphisms of Art that are
representable and belong to &4 .

3.2. Lisse extension of presheaves. We fix a context (%,%sm,%étwv) as
in (3.1.1) and adopt the terminology of Subsect. 3.1.

15Equivalently (see e.g. [SP, Tag 06FL]), for any commutative square as above where
X and Y are spaces and v: Y - Y and (u, fo) : X - X xyY are smooth covering, the
morphism fo belongs to &.

167 6t f: X —>Yand g:Y — S be morphisms of Artin stacks with g € & and go f € &4.
Let S - 8 be a smooth covering where S is a space, Y - Y xg .S a smooth covering where
Y is a space, and X - X xx Y a smooth covering where X is a space. Since g in & and
go f e &y we deduce that Y — S lies in &y and X — Y — S lies in &y. Since &) is closed
under two-of-three, it follows that X — Y lies in &5 and hence f:X — Y lies in &q.
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3.2.1. Let X be an Artin stack. Consider the slice co-category Arty, whose
objects are pairs (8, s) consisting of an Artin stack 8 and a morphism s : 8§ - X,
and whose morphisms f: (8',s") — (8, s) are commutative triangles

We denote by Pty the full subcategory spanned by pairs (S, s) where S is a
space.

We denote by Lisy the full subcategory of Pty spanned by pairs (.5, s)
where s : .S — X is smooth. Similarly, Lisy is the full subcategory of Art/x
spanned by pairs (8, s) where s:8 — X is smooth.

3.2.2. Let X be an Artin stack. Let F': Lisi” — ¥ be a presheaf valued in
an oco-category ¥ with limits. The lisse extension of F' is the presheaf

F<:Lisl? -7
defined as the right Kan extension of F' along the fully faithful functor
Lisy < Lisy. In particular, we have
FI(X) ~ lim F(.S)
(S,3)

where the limit is taken over (S, s) € Lisy.

3.2.3. Given a presheaf F': (Spc)°P — ¥, its lisse extension F< is its right
Kan extension

FY:(Art)P —» ¥
along Spc — Art. In particular, for every X € Art we have
< o1
FO(X) = lim F(S),
(S,9)

where the limit is taken over pairs (5, s) € Pty.

3.2.4. Let ¥ be an oo-category with limits. The following statement is key
to our analysis of lisse extensions.

Proposition 3.2.5 (Descent).

(i) If F : (Spe)°P — ¥ satisfies Cech descent along étale covering morphisms
of spaces, then F'< satisfies Cech descent along any smooth covering
morphism of Artin stacks.

(ii) Let X be an Artin stack. If F : (Lisx)°? — ¥ satisfies Cech descent
along étale covering morphisms of spaces, then F'< satisfies Cech descent
along any smooth covering morphism of Artin stacks.

We will prove Proposition 3.2.5 in Subsect. 3.3 below. We first derive some
important consequences.
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Denote by Shv(Spc)y the oo-category of presheaves on Spe satisfying
Cech descent along smooth covering morphisms, and by Shv(Art)y the oo-
category of presheaves on Art satisfying Cech descent along smooth covering
morphisms of Artin stacks.

Corollary 3.2.6.

(i) The restriction functor
Shv(Art)y — Shv(Spc)y (3.1)
is an equivalence, with inverse F + F<.
(ii) For any Artin stack X, the restriction functor
Shv(Lisy )y — Shv(Lisy )y (3.2)

is an equivalence, with inverse F + F'<.

Proof. Tt follows from Proposition 3.2.5 that the assignments '~ F'< preserve
the descent conditions and restrict to right adjoints of the restriction functors
(3.1) and (3.2). We will only write the proof for (3.1), as the same argument
works for (3.2).

Note that the case of general ¥ follows from the universal case ¥ = Ani.
Indeed, denoting by Shv(Spc) and Shv(Art) the respective co-categories
formed with ¥ = Ani, note that Shv(Spc)y is equivalent to the oco-category
of limit-preserving functors Shv(Spc)°? — ¥, while Shv(Art)y is equivalent
to the oo-category of limit-preserving functors Shv(Art)°? — #". This follows
from the universal properties describing colimit-preserving functors out of
Shv(Spc) and Shv(Art) into an co-category with colimits.

Since Ani admits colimits, the restriction functor (3.1) in this case also
admits a left adjoint, given by left Kan extending along Spc — Art and then
localizing. This is fully faithful and colimit-preserving, so it will suffice to
show that it generates under colimits. By induction it is enough to show that
if Y is an (n + 1)-Artin stack, n > 0, then it belongs to the full subcategory
of Shv(Art) generated under colimits by n-Artin stacks. Let p: Y - Y a
smooth covering morphism where Y is a space. By construction, |Y,| - Y
is invertible in Shv(Art). Since Y has n-representable diagonal, each Y, is
n-Artin. The claim follows. O

Corollary 3.2.7. If F : (Spc)®® — ¥ satisfies Cech descent along étale
covering morphisms, then for every X € Art there is a canonical isomorphism

F9Lisy = (FlLisy)®

of presheaves on Lisy. In particular, the canonical map

FYX)= lim F(S)~> lim F(9). (3.3)
(S,s)ePty (S,s)eLisy

is invertible.

Proof. Tt follows from Corollary 3.2.6 that (F|rs, )< is the unique presheaf
Lisy? — ¥ which (a) extends F|pis,, and (b) satisfies Cech descent along
smooth covering morphisms in Lisy. It will thus suffice to check the same
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properties for F<|pi. . The first holds because (F<|Lis, )|Lisy = (F¥[spe)|Lisy
and F'9|gpe ~ F by construction. The second holds because F'< satisfies Cech
descent along smooth covering morphisms in Art (Proposition 3.2.5), so its
restriction (F'< )|Lis, satisfies Cech descent along smooth covering morphisms
in Lisy. U

Corollary 3.2.8 (Saturation).

(i) If F: (Spc)°P — ¥ satisfies Cech descent along étale covering morphisms
of spaces, then for every smooth morphism of Artin stacks f: X - Y,
the canonical map

FI(X)~ lim FI(XxT) (3.4)
(T,t)ELiS\é y
is invertible.

(ii) Let Y be an Artin stack and F': (Lisy)°P - ¥ a presheaf. If I satisfies
Cech descent along étale covering morphisms of spaces, then for every
morphism of Artin stacks f:X — Y, the canonical map

FHX) > lim FY(X x T) (3.5)
(T,t)ELiSH

is invertible.

Proof. (ii): Denote by 4y : Lisy < Lisy the inclusion. Given a morphism
f:X =Y of Artin stacks, denote by

Qf :@y — Lisy
the base change functor and

¢y + Lisy — Lisy

its restriction along iy. Since smooth covering morphisms in Lisy are preserved
under base change along X — Y, the restriction functors _qé; and (b} preserve
the descent conditions. Consider the natural transformation
O] 5 iy B} = iy 16
of functors Shvgy (Lisy )y = Shvem (Lisy )y . Since 4y is an equivalence (Corol-
lary 3.2.6), this natural transformation is invertible. Applying this to
F € Shvgy(Lisy)» and evaluating on the object Y € Lisy yields that the
canonical map
FYUX)-» lim F(XxT)
< Y
(T,t)eLisy

is invertible, as claimed.

(i): Given F': (Spc)®® - ¥ and a smooth morphism f:X — Y, note that by
Corollary 3.2.7 we have

FR(X) = F¥|Lis, (X) = (FlLis, ) ()

and similarly F9 (X xyT) ~ (Flris, )9 (X xyT) for every (T',t) € Lisy. Under
these identifications, the map in question is the isomorphism of (ii) for the
presheaf (F|ps, ). O
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3.3. Proof of Proposition 3.2.5. We let F': (Spc)°® - ¥ be a presheaf
and F9: (Art)°P — 7 its lisse extension.

Lemma 3.3.1. Let f : X — Y be an n-representable morphism of Artin
stacks. Then the canonical map
FY(X) - lim F< (fngr) (3.6)
(T,t)ePty (Arty, )

is invertible.

Proof. Since f is n-representable, there is a base change functor f* : Pty(Art,,)
Pty (Arty,). Note that it admits a left adjoint, sending (8, s) € Pty (Art,) to
(8, fos)ePty(Art,), so it is cofinal. O

Lemma 3.3.2. Let F': (Spc)°® - ¥ be a presheaf satisfying Cech descent
along smooth covering morphisms. Then F< : (Art)°? — ¥ satisfies Cech
descent along smooth covering morphisms of Artin stacks.

Proof. By induction, it will suffice to show that if F'< satisfies Cech descent
along smooth covering morphisms of (n — 1)-Artin stacks, n > 0, then it
satisfies Cech descent along smooth covering morphisms of n-Artin stacks.

Let f:X - Y be an (n — 1)-representable smooth covering morphism of
n-Artin stacks. By Lemma 3.3.1, the canonical map

FY(Y) - Tot(FY(X,)) (3.7)
is the limit over (7,t) € Pty(Art,_1) of the maps
FY(T) - Tot(FY (X, ;‘I)). (3.8)

Since the base change X xy T - T is a smooth covering morphism of (n - 1)-
Artin stacks, (3.8) is invertible by the inductive hypothesis on F'. Hence (3.7)
is invertible.

Now let f: X - Y be any smooth covering morphism of n-Artin stacks
and let us show that the canonical map

FY(Y) - Tot(FY(X,)) (3.9)

is invertible. Let ¢ : Y — Y be a smooth covering morphism where Y is
a space. Since f is smooth covering, we may assume (up to replacing Y
by an étale cover Y’ - V) that X xyY — Y admits a section. Since ¢ is
(n - 1)-representable, F'< satisfies Cech descent along ¢ and its base change
X xyY — X by the discussion above. Hence (3.9) is the totalization (in the =
direction) of the cosimplicial diagram of maps

FY(Y.) - Tote (F< (x.gY.)), (3.10)

where Tot, indicates the totalization formed in the e direction. This is
levelwise invertible since each X4 xyY,, > Y,,, [n] € A, admits a section. [

3.4. Lisse extension of preweaves.

3.4.1. We fix a context (€, €™, €°") as in (3.1.1) and adopt the termi-
nology of Subsect. 3.1.



LISSE EXTENSIONS OF WEAVES 19

3.4.2. Let &) be a class of morphisms in Spc which is closed under base
change and sections, contains all smooth morphisms of spaces, and satisfies
smooth-locality on the source and target (3.1.7). Let 53 and & be the
classes of morphisms in Art defined in (3.1.8) and (3.1.10), respectively; recall
that & g consists of the representable morphisms in &4 .

Our first main result is as follows.

Theorem 3.4.3. Let Dy be a left preweave on (Spc, &y). Then we have:

(i) There exists a unique extension of D{ to a left preweave Df]’* on
(Art, &3) whose underlying presheaf D<* : (Art)°P — Cat is the lisse
extension of D* : (Spc)°P? — Cat. If Dy is a presentable preweave, then
Df’* is a presentable preweave.

(ii) IfDy is a presentable preweave which admits {-direct image with respect
to smooth morphisms of spaces, and D* : (Spc)°P? — Cat satisfies Cech
descent along étale covering morphisms of spaces, then D| extends
uniquely to a presentable preweave D!<] " on (Art, &4 ) whose underlying
presheaf DY* : (Art)°P — Cat satisfies Cech descent along smooth
covering morphisms of Artin stacks.

3.4.4. For the next statement, fix another class of morphisms ¢*" ¢ ¥
which is closed under base change. A morphism of spaces is “proper” if the
corresponding morphism of & lies in ¥P". Consider the induced class (‘Kpr)%

of “proper representable” morphisms in Art as defined in (3.1.8).17

Theorem 3.4.5. Let D{ be a presentable preweave on (Art,&q) whose un-
derlying presheaf D* satisfies Cech descent along smooth covering morphisms.
Assume that the restriction of Dy to (Spc, &y) admits §-direct image for all
smooth morphisms of spaces. Then we have:

(i) Dy admits j-direct image for smooth morphisms of Artin stacks.

(ii) D{ admits *-direct image for proper representable morphisms of Artin
stacks if and only if its restriction to (Spc,&y) admits *-direct image
for proper morphisms of spaces.

3.4.6. Let €, €™, €V, €P", &, Eq be as above, and terminology as in
Subsect. 3.1. Combining Theorems 3.4.3 and 3.4.5 shows that any pre-
sentable weave on (Spc,&, €™, ¢P") extends to a presentable weave on
(Art, &9, (€"™)q, (€P7)Y). Here (€°™)q4, defined as in (3.1.10), is the class
of smooth morphisms of Artin stacks, and (%pr)g], defined as in (3.1.8), is
the class of proper representable morphisms of Artin stacks.

Corollary 3.4.7. Let Dy be a presentable weave on (Spc, &, €™, €*"). If the
underlying presheaf D* satisfies Cech descent along étale covering morphisms,
then there is a unique presentable weave D" on (Art, &g, (™), (47)%)

17p¢ before, we omit the quotation marks in these terminologies when we are in an
abstract context where there is no risk of ambiguity.
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whose underlying presheaf D"* satisfies Cech descent along smooth covering
morphisms of Artin stacks.

4. SMOOTH AXIOMS

In this section we prove Theorem 3.4.5(i).
4.1. (Sm1).

4.1.1.  Note that (Sm1) only depends on the underlying presheaf D<"*. We
have:

Proposition 4.1.2. Let D* : (Art)°® — Pr" be a presentable presheaf of
oo-categories which satisfies Cech descent along smooth covering morphisms.
If its restriction to Spc satisfies (Sm1) for every smooth morphism of spaces,
then it satisfies (Sm1l) for every smooth morphism of Artin stacks.

Proof. Let f:X — Y be a smooth morphism of Artin stacks. The functor
f*:D(Y) - D(X) is identified by Corollaries 3.2.7 and 3.2.8 with the limit
over (7',t) € Lisy and (.5, s) € Lisy,. of the functors

p(r) % D(xr) 2 D(S),

where fr : X7 — T is the base change. Since fr o s is a smooth morphism
of spaces, s* f7 is a right adjoint by assumption. Since the forgetful functor
P - Cat preserves limits (see [Lurl, Thm. 5.5.3.18]), where Pr® is the
oo-category of presentable oo-categories and right adjoint functors, it follows
that f* is also a right adjoint. O

4.1.3. For a smooth morphism of Artin stacks f: X —Y, we write fy for the
left adjoint of f* in the situation of Proposition 4.1.2.

4.1.4. For later use, we describe fy as the limit of its base changes fr over
(T,t) € Lisy, assuming a smooth base change formula that we will prove later.

More generally, let f: X — Y be a smooth morphism and g : X' - Y’ its
base change along a morphism ¢:Y" - Y. Given (7,t) € Lisy, form the cube:

g
" x’ Yy’
x, / |9T g, /t;/
Coo) g (4.1)
f qT
pri e X —— - Y
-~ fr /

X7 T
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Given a morphism w : (71,t1) - (T3,t2) in Lisy, consider the diagram of
cartesian squares

xh 9Ty ngl qTy T1
lux/ luld/ l’u (42)

9Ty qTy
DC{FQ — %’T2 — Ts.

Suppose that the exchange transformation EX; for the left-hand square is
invertible, i.e., that gr, y commutes with ug,. In that case, passing to limits
vertically in the commutative squares

9To.4

D(X7,) — D(¥7,)

lu;c, lu;,

9T 4

D(X7,) — D(¥7,)

and using the identifications of Corollary 3.2.8, the horizontal functors give
rise to a canonical functor

D(X)= lm D)~ lm D(p)=DY) (43
(T,t)€LiS\3 (T,t)ELiSH

where the limits are taken along *-inverse images.

Lemma 4.1.5. Let f : X - Y be a smooth morphism and g : X' - Y’ its
base change along a morphism q:Y' — Y. Suppose that for every morphism
u: (T1,t1) - (T2,t2) in Lisy, g1,y commutes with uyj,. Then the functor
gy : D(X") = D(Y') is identified with (4.3). In other words, gy is uniquely
determined by commutative squares

D(X') ——~ D(Y')

|1 I

gT,y

D(X7) — D(Y7)
for all (T,t) € Lisy.
Proof. Denote by g7 the functor (4.3). Let F e D(X') and § € D(Y"). For
every (T,t) € Lisy, we have the adjunction identity
Mapsp (y, ) (974t 9, tyG) = Mapsp(xr ) (t F, g7ty 9)
which may be written equivalently as
Mapsp (y ) (ty g2 F, 1, G) = Mapsp x; y (1 F, tr:9™ )

by definition of g;. Passing to limits over (7,¢) on both sides and using
Corollary 3.2.8, we get the identity

MapSD(y,) (g‘_?ffr’, 9) ~ MapSD(x/)(ff,g*g)

functorially in 3 and G. It follows that g is left adjoint to g*, i.e., go ~ gy. 0
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4.1.6. If f:X - Y is smooth and representable, then applying Lemma 4.1.5
with ¢ = idy yields that f; is determined by the identities

t fy = fryty (4.4)
for all (T',t) € Lisy. Indeed, the assumption is satisfied as every term in the
left-hand square of (4.2) is a space.

More generally, if f: X — Y is smooth and representable and ¢:Y' — Y is
representable, then we find that gy is determined by the identities

t;/gu ~ gT7ut:§:l (45)

for all (7,t) e Lisy, where the assumption is satisfied again for the same
reason.

4.2. (Sm3).

4.2.1. Like (Sm1), (Sm3) only depends on the underlying presheaf D<*.
We have:

Proposition 4.2.2. Let D* : (Art)°® — Pr" be a presentable presheaf of
oo-categories which satisfies Cech descent along smooth covering morphisms.
If its restriction to Spc satisfies (Sml) and (Sm3) for every smooth morphism
of spaces, then it satisfies (Sm3) for every smooth morphism of Artin stacks.

We have seen in Proposition 4.1.2 that D* satisfies (Sm1). The claim is
that for every cartesian square of Artin stacks
X’ 9 H,
lp lq (4.6)

x ey,

where f is smooth, fj commutes with ¢*: that is, the exchange transformation
Exy : gyp* = ¢" fy (A.8) is invertible.

4.2.3. Given (T',t") € Lisy, form the diagram of cartesian squares

gr’
:X:C,r/ —_— T’

ltx/ lt’
X’ 9 H,
ool
x L.y

Lemma 4.2.4. Suppose that for every (T',t") € Lisy, (a) gy commutes with
t™; (b) fy commutes with (qot")*. Then f; commutes with q*.

(4.7)

Proof. For the square (4.6), the exchange transformation Exy : gyp* - ¢* fy
(A.8) is invertible if and only if for every (7”,t") € Lisy,, t"* o (A.8) is invertible.
Under the identifications

" g™ = grr ytxp” = grry(potar)”,
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of assumption (a), t"* o (A.8) is identified with Ex; for the outer composite

square in (4.7). This is invertible by assumption (b). O

4.2.5. Given (T,t) € Lisy, form the cube of cartesian squares
/ 9 /
toer X y
|

/ ar I} tg/
xT 1éT

(4.8)
qr
- 13

7

pT by

e

p
L
fr

Xt T

Lemma 4.2.6. Suppose that for every (T',t) € Lisy, (a) fy commutes with
t*; (b) gy commutes with t3,; (c) fry commutes with g7. Then fy commutes
with q~.

Proof. By Corollary 3.2.8, it will suffice to show that t,’;, o EXE’ is invertible
for every (T,t) € Lisy. Under the canonical isomorphism

tglgu =~ gT7ut§/
of assumption (b), and the isomorphism
tyq” fy = qpt™ fy ~ ap fryty
of assumption (a), ¢j, o Exy is identified with the natural transformation
Exy oty : gryprtx = ap fryty,

which is invertible by assumption (c). O

4.2.7. Given (S, s) € Lisy, form the diagram of cartesian squares
Xy — X Ly
s ] Jo (4.9)
s—.x—L.y

Lemma 4.2.8. Suppose that for every (S, s) € Lisy, (a) sy commutes with
p*; (b) (f os)y commutes with ¢*. Then fy commutes with q*.

Proof. For the square (4.6), the exchange transformation Exy : gyp* - ¢* fy
(A.8) is invertible if and only if for every (S,s) € Lisy, (A.8) o sy is invertible
(by Subsect. B.3 and using that each functor involved in Exy commutes with
colimits). Under the identifications

* ~ I % ~ 14 *
9P sy = gysyps = (g0 s )yps

of assumption (a), (4.8) o sy is identified with Ex; for the outer composite
square in (4.9). This is invertible by assumption (b). O
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4.2.9. Proof of Proposition 4.2.2. Suppose given a cartesian square (4.6)
where f is smooth.

We first assume that f is representable and argue by induction on the
smallest integer n such that ¢ is n-representable.

f representable, q representable: For the case where ¢ is also representable,
we apply Lemma 4.2.6. For every (7,t) € Lisy, assumptions (a) and (b) hold
since fy commutes with ¢* and gy commutes with ¢, by (4.1.6). Since f and
q are representable, so that fr:Xg — T and gr: Y7 — T are maps of spaces,
fry commutes with ¢} by (Sm3) for spaces; this shows assumption (c). The
conclusion is that fy commutes with ¢~.

f representable, g n-representable: Assume the claim is known whenever f is
representable and ¢ is (n — 1)-representable. We first establish the following
intermediary case:

(*) X=X and Y =Y are spaces, Y is n-Artin.

To prove (*) we apply Lemma 4.2.4. For every (7",t") € Lisy, it is enough
to check that f; commutes with (¢ot)* and gy commutes with ¢”*. Since
f:X =Y is representable, so is g: X' - Y'. Note that got': T" - Y is also
representable, and ¢’ : T' - Y’ is (n — 1)-representable since Y is 1-Artin. We
thus conclude by the induction hypothesis.

We now show that f; commutes with ¢* when f is representable and ¢
is n-representable. Note that for every morphism u : (T1,t1) - (T»,t2) in
Lisy, the morphisms fr, : X1, = T2, g1, : X7, = Y7, uy : Yy - Y1y, and
uy : Yy, — Yp, are all representable (as base changes of f, g, u and u,
respectively). Hence by the base case of the induction, J1, 4 commutes with
uy and gr, y commutes with uy,. Applying Lemma 4.1.5, we deduce that for
every (T,t) € Lisy, fj commutes with t* and gy commutes with ty,. Since
fr:X — T is a morphism of spaces, and Y/, is n-Artin, we have by (*) that
fry commutes with g7. Thus we conclude by applying Lemma 4.2.6.

By induction we now have the claim when f is representable and ¢ is
arbitrary. We now proceed by another induction on the smallest integer m
such that f is m-representable.

f m-representable, q arbitrary: Assume the claim is known whenever f is
(m—1)-representable (and ¢ is arbitrary). We begin with the following special
cases:

(1) X and Y are m-Artin. Indeed, we apply Lemma 4.2.8: for (.S, s) € Lisy,
s:S—>Xand fos: S Y are (m—1)-representable, so by sy commutes with
p* and (f os)y with ¢* by the induction hypothesis.

(1) f m-representable, ¢ m-representable. Indeed, we apply Lemma 4.1.5:
for every morphism u : (T1,t1) - (Io,t2) in Lisy, fr, : X, - T5 and
gr, + X, = Y, are morphisms of m-Artin stacks. Hence by (1), fr,
commutes with ug and gp,y commutes with uj,. We thus find that f
commutes with ¢* and gy commutes with ¢, for every (7',t) € Lisy. We then
apply Lemma 4.2.6, whose assumptions (a) and (b) we have just verified.
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The remaining assumption (c), commutativity of fry and g7, holds by ()
since fr: X7 — T is a morphism of m-Artin stacks.

(§) fy commutes with ¢* and gy commutes with ¢, for every (7',¢) € Lisy.
Indeed, applying Lemma 4.1.5 it suffices to observe that for every morphism
w: (Th,t1) = (Ta,t2) in Lisy, u: T1 — Th and uy : Hl[l - ‘daﬂz are representable,
so (1) implies that fr, y commutes with «* and gz, y commutes with wg,.

We now apply Lemma 4.2.6 to check that fy commutes with ¢*, where
f is m-representable and ¢ is arbitrary. Assumptions (a) and (b) hold by
(§). It remains to verify assumption (c), i.e., that for every (7,t) € Lisy, fr,
commutes with ¢}.. For this we apply Lemma 4.2.8: for every (S, s) € Lisy,
consider the cartesian squares

’ s’ ’ gr ’
xS xT HT

s e

§ X, T

We need to check that sy commutes with p* and (f o s)y commutes with ¢*.
Since X7 is m-Artin, s is (m — 1)-representable. Since S and T are spaces,
f o s is representable. Thus we conclude by the inductive hypothesis.

4.3. (Sm2). (Sm2) only depends on the underlying presheaf D* as a lax
symmetric monoidal functor. We have:

Proposition 4.3.1. Let D* : (Art)°® — Pr" be a lax symmetric monoidal
functor which satisfies Cech descent along étale covering morphisms. If its
restriction to Spc satisfies (Sm1) and (Sm2) for every smooth morphism of
spaces, then it satisfies (Sm2) for every smooth morphism of Artin stacks.

We have seen in Proposition 4.1.2 that D* satisfies (Sm1). The claim is
that for every smooth morphism of Artin stacks f: X — Y and G e D(Y), the
exchange transformation (A.2)

EX?’* fi(-® f7(9) > fi(-)®§

is invertible.

4.3.2. Let (T,t) € Lisy. Since t* is symmetric monoidal and commutes with
fi (by Proposition 4.2.2), this is identified with the exchange transformation

Ex{ o fry(t5(=) ® fit*G) = fry(t5(-) © £°(9))

associated with fry.

4.3.3. Let f be n-representable for some n > 0. For n = 0, we may use (4.3.2)
to assume that Y =Y and hence X = X are spaces, in which case the claim
holds by assumption.

We argue by induction on n > 0, assuming that the claim holds for all
(n—1)-representable morphisms. Again by (4.3.2) we may assume that Y =Y
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is a space and hence X is n-Artin. Since fy commutes with colimits, it will
suffice to show that for every (S, s) € Lisy the natural transformation

Exg " osy: fy(si(=) ® [7(9)) = fi(si(-)) ® 9
is invertible. Since s is (n—1)-representable, sy satisfies the projection formula
by the inductive hypothesis. Thus Exf’* o sy is identified with

Pr: fisy(- @5 £(9) > fis(-) @6,

the exchange transformation associated with fos:S — X — Y. Since the
latter is a morphism of spaces, this is invertible by (Sm2) for spaces.

4.4. (Sm4).

4.4.1. In this subsection we will prove the following two statements. Let &
and &4 be as in (3.1.10). Denote by

&y, € Art,,

the class consisting of morphisms in &4 € Art whose source and target are
n-Artin, and by

&X ¢ Art,,
the class of morphisms which are further k-representable, where 0 < k < n
(note that & = &,,).

Proposition 4.4.2. Let D be a presentable preweave on (Art,,&,) for
some n > 0. If its underlying presheaf D* satisfies Cech descent along smooth
covering morphisms, then the following conditions are equivalent:

(i) It satisfies (Sm4) for all smooth morphisms of n-Artin stacks.

(ii) Its restriction to (Art,, & 1) satisfies (Sm4) for all smooth morphisms
of n-Artin stacks.

Proposition 4.4.3. Let D} be a presentable preweave on (Art,,, & 1) for
some n > 0. If its underlying presheaf D* satisfies Cech descent along smooth
covering morphisms, then the following conditions are equivalent:

(i) It satisfies (Sm4) for all smooth morphisms of n-Artin stacks.

(i) It satisfies (Sm4) for all smooth (n — 1)-representable morphisms of
n-Artin stacks.

(iii) Its restriction to (Art,_1,&"7) = (Art,_1,&,-1) satisfies (Sm4) for all
smooth morphisms of (n — 1)-Artin stacks.

4.4.4. We begin with some general reductions. Let &/ ¢ Art be a full
subcategory of Artin stacks which contains Spc and is closed under fibred
products, and let & € &7 be a class of morphisms which is closed under base
change and sections and contains & g . Let D{ be a presentable preweave on
(o7, &) whose underlying presheaf D* satisfies Cech descent along smooth
covering morphisms. Following the convention of (1.2.1), we will say that a
morphism of Artin stacks is shriekable if it belongs to &.
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4.4.5. Given a cartesian square

X Ly
(4.10)
!

X ——

in o/ with f smooth and ¢ shriekable, recall the exchange transformation
Exy: fypr = gy (A.10). Recall that when this is invertible, we say that fj
commutes with q.

4.4.6. We will require the following reduction lemmas:

Lemma 4.4.7. Suppose given a cartesian square of the form (4.10). Suppose
that for every (S, s) € Lisy, (a) sy commutes with pgy; (b) (f o s)y commutes
with pg. Then fy commutes with p.

Proof. Since each term in (A.10) commutes with colimits, it will suffice using
Subsect. B.3 to show that (A.10) o syr is invertible for every (S, s) € Lisy.
Under assumption (a), this is identified with

Exy1: (fos)yps,) = a(gosx)y,
which is invertible by (b). O

Lemma 4.4.8. Suppose given a cartesian square of the form (4.10). Suppose
that for every (T',t) € Lisy, fry commutes with pry. Then fy commutes with

pr.

Proof. It will suffice to show that ¢t*(A.10) is invertible. Since pi, ¢, fy and
gy commute with *-inverse image (the latter two by (Sm3)), t*(A.10) is
identified with

Exy 1oty : fryprity = qrigr ity
which is invertible by the assumption. U

Lemma 4.4.9. Suppose given a cartesian square of the form (4.10). Suppose
that for every (T',t") € Lisy, (a) gy commutes with ty,,; (b) fy commutes
with (poty, ). Then fy commutes with py.

Proof. By Subsect. B.3 and since each functor in (A.10) preserves colimits,
it will suffice to show that (A.10) o ¢4, is invertible. By assumption (a),
this is identified with Exy: fy(poty, )1 = (qot){grr,, which is invertible by
assumption (b). O

4.4.10. Proof of Proposition 4.4.2. Suppose given a cartesian square as in
(4.10), where f: X — Y is a smooth morphism of n-Artin stacks and ¢: Y — Y
lies in &,. Given (T't) € Lisy and (7",t) € Lisy, , form the diagram of
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cartesian squares

! gr! Tl

T/

lt’x, lt’
X! gr %I
T > Ir
lpT lQT
Xp 2 T
For every (T",t'), gr,y commutes with ¢{ since ¢’ lies in &,'"'. Similarly, fr,
commutes with (g7 ot'); since gy ot’ lies in &°. Applying Lemma 4.4.9 as
(T',t") varies, we deduce that fr; commutes with g7;. Applying Lemma 4.4.8
as (T',t) varies, we then deduce that fy commutes with q.

4.4.11. Proof of Proposition 4.4.3. The implications (i) = (ii) = (iii) are
clear.

(iii) = (ii): Suppose given a cartesian square of n-Artin stacks (4.10) where
f:X - Y is smooth (n - 1)-representable and ¢ :Y" — Y lies in &L Given
(T,t) € Lisy and (S, s) € Lisy,., form the diagram of cartesian squares

! Syt 7 gr 7
S’ :X:T ‘HT

s e

S5 . x, T

Since f and ¢ are (n — 1)-representable, the right-hand square consists of
(n — 1)-Artin stacks. Hence for every (S,s), s is a smooth morphism of
(n —1)-Artin stacks and pr lies in &,-1. By (iii), sy commutes with pr).
Similarly, fr o s is a smooth morphism of spaces and ¢r lies in &,-1, so
(fr o s)y also commutes with g7 by (iii). Applying Lemma 4.4.7 as (S, s)
varies, we deduce that fry commutes with g7, for every (7,t). Applying
Lemma 4.4.8 as (7',t) varies, we then deduce that fy commutes with ¢.

(ii) = (i): Suppose given a cartesian square of n-Artin stacks (4.10) where
f:X —Yis a smooth morphism of n-Artin stacks and ¢: Y’ — Y lies in &7,
Given (T,t) € Lisy and (S, s) € Lisy,., form the diagram of cartesian squares

;s / gr /

b e

S — ., T

For every (S,s), s is smooth (n — 1)-representable, and ¢z, pr lie in &7,
Hence by (ii), sy commutes with pr; and (fr o s); commutes with gr).
Applying Lemma 4.4.7 as (S, s) varies, we deduce that fry commutes with
qr, for every (T',t). Applying Lemma 4.4.8 as (T',t) varies, we then deduce
that fy commutes with ¢.

4.5. (Smb).
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4.5.1. Let &, and &F be as in (4.4.1). In this subsection we will prove:

Proposition 4.5.2. Let D} be a presentable preweave on (Art,, &) for
some n > 0. If it satisfies (Sm1), (Sm2), (Sm3) and (Sm4) for all smooth
morphisms in Art,,, and its underlying presheaf D* satisfies Cech descent along
smooth covering morphisms, then the following conditions are equivalent:

(i) It satisfies (Smb5) for all smooth morphisms of n-Artin stacks.

(i) It satisfies (Sm5) for all smooth (n — 1)-representable morphisms of
n-Artin stacks.

(iil) Its restriction to (Art,_1, &%) = (Art,_1,&,-1) satisfies (Sm5) for all
smooth morphisms of (n —1)-Artin stacks.

4.5.3. We begin with several preparatory lemmas. Let & ¢ Art be a full
subcategory of Artin stacks which contains Spc and is closed under fibred
products, and let & € &7 be a class of morphisms which is closed under base
change and sections and contains éag . Let D{ be a presentable preweave on
(o, &) satisfying (Sml), (Sm2), (Sm3) and (Sm4) for all smooth morphisms
in &7, and whose underlying presheaf D* satisfies Cech descent along smooth
covering morphisms. As in (1.2.1), we will say that a morphism of Artin
stacks is shriekable if it belongs to &.

Lemma 4.5.4. Let X € &/ be an Artin stack and F € D(X) an object.
Assume that for every (S, s) € Lisy, D* satisfies (Sm2) for s: S — X. Then F
is ®-invertible if and only if s*(F) € D(S) is invertible for every (S, s) € Lisy.

Proof. Since D(X) is closed symmetric monoidal, F is ®-invertible if and
only if the evaluation morphism

?@Homx(?, lx) — 1y (4.11)

is invertible. This holds if and only if s*(4.11) is invertible for all (.S, s) € Lisy.
Since each s is smooth and thus satisfies the projection formula by (Sm2), s*
commutes with Hom by (A.5). The claim follows. O

Lemma 4.5.5. Let f: X — Y be a smooth morphism of Artin stacks in <.
Assume that D satisfies (Sm2) and (Sm3) for f, as well as (Sm5) for every
base change fr: X — T along (T,t) € Lisy. Then it satisfies (Sm5) for f.

Proof. Let i : Y - X be a shriekable section of f. Form the diagram of
cartesian squares
fr

T 10 Xy T
lt ltx lt
y—.x L.y

Since fy and 14, satisfy the projection formula (the former by (Sm2)), it will
suffice to show that fyii(1yx) € D(X) is ®-invertible. By Lemma 4.5.4 and
the commutativity of fy and 4 with *-inverse image (the former by (Sm3)),
this is equivalent to the ®-invertibility of fr yiz(17) € D(T), which follows
from the fact that fr satisfies (Smb). O
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Lemma 4.5.6. Let f : X - Y be a smooth morphism of Artin stacks in
o/ . Assume that for every (S,s) € Lisy, Dy satisfies (Sm2) and (Sm4) for
fos:S =Y, and that f os shriekable. If ¥¢.s(1g) is ®-invertible, then fyi
is an equivalence for every shriekable section i of f.

Proof. Given (S, s) € Lisy, form the commutative diagram

%SLS
s ls Jos
A

Yy ——X —1Y.
Since f o s is shriekable and satisfies (Sm2) and (Sm4), we have

(fos)y=(foshZfos=(fosh(-®Xfos(1))
by Proposition 2.1.2. Using Subsect. B.3 we thus compute

fyin(1) = lim (f o s)yig(1)
(5,9)
= lim (f 0 8)i(is)(1) ® Xyos(1))
(5,9)
= lim (f 0 8)rigigY fos(1)
(5,9)
~ h_r)n Sy,!ingos(l)
(5,9)
=g h_I)Il S!Efos(]-)a
(S,s)

using the projection formula for (fos);, the identity foi ~id, the base change
formula for s; and the commutativity of ¢* with colimits. In the notation of
Subsect. B.2, with F' the diagram Lisy - %)y, we may further write this as
i"F(X£05(1)). Since X t05(1) is ®-invertible by (Sm5), F} is an equivalence,
and ¢* is symmetric monoidal, this object is ®-invertible. O

4.5.7. Proof of Proposition 4.5.2. The implications (i) = (ii) = (iii) are clear.

(iii) = (ii): Let f: X - Y be a smooth (n — 1)-representable morphism of
n-Artin stacks and i : Y - X a section. By Lemma 4.5.5 it will suffice to
show that for every (7',t) € Lisy, the base change fr: X7 — T satisfies (Smb).
Since X7 is (n — 1)-Artin, this holds by assumption (iii).

(i) = (i): Let f: X - Y be a smooth morphism of n-Artin stacks and
i:Y > X a section. Given (S,s) € Lisy, note that fos:S — Y is smooth
and (n — 1)-representable. Hence it is shriekable and satisfies (Sm2) and
(Sm4) (by assumption). Moreover, assumption (ii) implies that X s.5(1g)
is ®-invertible. Thus we may apply Lemma 4.5.6 to deduce that fyi is an
equivalence.

4.6. Proof of Theorem 3.4.5(i). Let D be a presentable preweave on
(Art, &) whose underlying presheaf D<** satisfies Cech descent along smooth
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covering morphisms. We assume that the restriction of Dy to (Spc, &) admits
f-direct image with respect to smooth morphisms of spaces.

By Propositions 4.1.2, 4.3.1, and 4.2.2, it satisfies (Sm1), (Sm2) and (Sm3)
for all smooth morphisms of Artin stacks. Applying Propositions 4.4.2 and
4.4.3 inductively, we see that it satisfies (Sm4) for all smooth morphisms of
Artin stacks. Applying Proposition 4.5.2 inductively, we see that it satisfies
(Smb) for all smooth morphisms of Artin stacks. In summary, D, admits
f-direct image for all smooth morphisms of Artin stacks.

5. PROPER AXIOMS

In this section we prove Theorem 3.4.5(ii).

5.1. Preliminaries. Let D* : (Art)°® — Pr" be a presentable presheaf of
oo-categories which satisfies Cech descent along smooth covering morphisms.
We assume that its restriction to Spc admits j-direct image for every smooth
morphism of spaces and *-direct image for every proper morphism of spaces.

5.1.1. Let f:X - Y be a morphism of Artin stacks. We begin by describing
f+ as the limit of its base changes fr .« over (T,t) € Lisy, assuming a base
change formula.

More generally, let f: X — Y be a morphism and g : X’ — Y’ its base change
along a morphism ¢:Y" — Y. Given (7,t) € Lisy, form the cube:

g
tx’ xl 'gl
X’ / | gr yl /t;’
g di g (5.1)
f qar
pr toc X — T» g
- fr /
Xr T

Given a morphism w : (11,t1) — (T2,t2) in Lisy, consider the diagram of
cartesian squares

9Ty qTy

l /
Xy, — Y, — T

lux, lu,{,,, lu (5.2)

gr: qT:
X, — Y5, — To.
Suppose that the exchange transformation Ex} (A.9) for the left-hand square
Is invertible, i.e., that g7, » commutes with uj,. In that case, passing to limits
vertically in the commutative squares

gTQ,*

D(Xz,) —— D(Y,)

lué‘c, lu;,

ng,*

D(X7,) — D(¥7z,)
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and using the identifications of Corollary 3.2.8, the horizontal functors give
rise to a canonical functor

D(X')~ lm D(Xy)~ lm D(Yy)=~D(Y) (5.3)
(T,t)ELiS\j (T,t)GLiSH

where the limits are taken along *-inverse images.

Lemma 5.1.2. Let f : X - Y be a morphism and g : X' - Y’ its base
change along a morphism q : Y — Y. Suppose that for every morphism
w: (Th,t1) = (Tv,t2) in Lisy, g7, « commutes with w;,. Then the functor
g« : D(X") = D(Y’) is identified with (5.3). In other words, g. is uniquely
determined by commutative squares

D(X') —=—~ D(Y")
1 lt;,
D(X;) - D(Y})
for all (T,t) € Lisy.

Proof. Denote by g7 the functor (5.3). Let F € D(X') and § € D(Y"). For
every (T,t) € Lisy, we have the adjunction identity

MapsD(x%)(gr}tg,S, tF) ~ MapSD(%)(tg,S, 9Tty F)
which may be written equivalently as
Mapsp (x: ) (txrg” 9, tF) = Mapspy, ) (ty: 9, tyr g2 F)

by definition of g;. Passing to limits over (7,¢) on both sides and using
Corollary 3.2.8, we get the identity

Mapsp (979, F) = Mapsp y) (S, g2 F)

functorially in F and §. It follows that g; is right adjoint to g., i.e., g2 ~ g.. O

5.1.3. If f:X - Y is proper and representable, then applying Lemma 5.1.2
with ¢ = idy yields that f, is determined by the identities

t fu o~ fraty (5.4)

for all (T',t) € Lisy. Indeed, the assumption is satisfied as every term in
the left-hand square of (5.2) is a space, hence has invertible Ex; by the
assumption of (Pr2) for spaces.

More generally, if f : X — Y is proper representable and ¢ : Y — Y is
representable, then we find that g. is determined by the identities

tg/gx_ = gT7*t;§:l (55)

for all (T,t) € Lisy, where the assumption is satisfied again for the same
reason.
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5.2. (Prl). Let D* : (Art)°? - Pr" be a presentable presheaf of co-categories
which satisfies Cech descent along smooth covering morphisms. Assume that
its restriction to Spc admits §-direct image along smooth morphisms of spaces
and *-direct image along proper morphisms of spaces.

Let f:X — Y be a proper representable morphism of Artin stacks. Given
a diagram (&;); in D(X), the claim is that the canonical morphism in D(Y)

lim f.(57) > f.(lim ;) (5.6)

K3 K3

is invertible. It will suffice to check that it becomes invertible after applying t*
for any (7',t) € Lisy. By (5.1.3) and the fact that t* commutes with colimits,
t*(5.6) is identified with

lim fr . (txFi) = fr«(ty im ;)

K3 K3

which is invertible by (Prl) for the morphism of spaces fr: Xp — T.

5.3. (Pr2). Let D*: (Art)°? - Prl be a presentable presheaf of co-categories
which satisfies Cech descent along smooth covering morphisms. Assume that
its restriction to Spc admits §-direct image along smooth morphisms of spaces
and *-direct image along proper morphisms of spaces.

Let f: X — Y be a proper representable morphism of Artin stacks. We
claim that the exchange transformation Ex2™: £, (=) ® (=) = f.(-® f*(-))
(A.3) is invertible. It will suffice to show that for every (7',t) € Lisy, the
induced natural transformation ¢*Ex"* is invertible. Using (5.1.3) and the
symmetric monoidality of t* and ¢}, this is identified with

Ex?™ s fra (63 (=) @ 7 (=) = fr. (tx (=) ® f7t"(-))-

Since fr:Xp — T is a proper morphism of spaces, this is invertible by (Pr2).

5.4. (Pr3). Let D* : (Art)°? - Pr" be a presentable presheaf of co-categories
which satisfies Cech descent along smooth covering morphisms. Assume that
its restriction to Spc admits §-direct image along smooth morphisms of spaces
and *-direct image along proper morphisms of spaces.

Suppose given a cartesian square of Artin stacks
bl 57

where f is proper representable. We claim that f, commutes with ¢*: that
is, the exchange transformation Ex} : ¢* f» = g.p* (A.9) is invertible.
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5.4.1. Given (71",t") € Lisy, form the diagram of cartesian squares

grr
Xl 2 T

el

X’ g H,

Pl

1 .y

Lemma 5.4.2. Suppose that for every (1,t") € Lisy, (a) g. commutes with
t"”; (b) f. commutes with (qot')*. Then f. commutes with q*.

Proof. For the square (5.7), the exchange transformation Ex} : g.p* - ¢* f«
(A.9) is invertible if and only if for every (T”,t") € Lisy,, t"* o (A.8) is invertible.
Under the identifications

"7 9" = g st = g1 (potyr)”,
of assumption (a), t'* o (A.8) is identified with Ex} for the outer composite

square in (5.8). This is invertible by assumption (b). O

5.4.3. Given (7,t) € Lisy, form the cube of cartesian squares

g
. X! yr
x, / | ar y, t\él
b g (5.9)
f qr
pr toc _— T» ‘%
X It 7 -
T

Lemma 5.4.4. Suppose that for every (T,t) € Lisy, (a) f. commutes with
t*; (b) g« commutes with t,; (c) fr . commutes with gp. Then f. commutes
with g*.

Proof. By Corollary 3.2.8, it will suffice to show that ¢, o Ex} is invertible
for every (T,t) € Lisy. Under the canonical isomorphism

I
of assumption (b), and the isomorphism
g fo = qpt” fo = @ oty
of assumption (a), tj, o Ex} is identified with the natural transformation
Ex oty : gr«prix = arfr .ty

which is invertible by assumption (c). O
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5.4.5. Proof of (Pr3). Suppose given a cartesian square (5.7) where f is
proper and representable.

Case 1: qis representable. We may apply Lemma 5.4.4, where assumptions (a)

and (b) hold by (5.1.3) and (c) holds by (Pr3) for spaces.

Case 2: X=X and Y =Y are spaces, ¢ is arbitrary. We apply Lemma 5.4.2,
where the assumptions are verified by Case 1 since t’ and got” are representable.

General: We apply Lemma 5.4.4. For assumptions (a) and (b), use Lemma 5.1.2,
whose assumption is verified by Case 1. For assumption (c), use Case 2 above
(since fr is a morphism of spaces).

5.5. (Pr4). Let Dy be a presentable preweave on (Art, &4 ) whose underlying
presheaf D* satisfies Cech descent along smooth covering morphisms. We
assume that the restriction of D{ to (Spc,&p) admits j-direct image for
smooth morphisms of spaces, and *-direct image for proper morphisms of
spaces.

Given a cartesian square

lp lq (5.10)

x —L

with ¢ shriekable, we will show that f, commutes with py, i.e., that the
exchange transformation Ex . : qig« — fupr (A.13) is invertible.

5.5.1.  We will require the following reduction lemmas:

Lemma 5.5.2. Suppose given a cartesian square of the form (5.10). Suppose
that for every (T,t) € Lisy, fr . commutes with pp). Then f. commutes with

-

Proof. It will suffice to show that t*Ex . is invertible. Since pi, qi, f« and
g commute with -inverse image (the latter two by (Pr3)), this is identified
with

Exi . oty qragr <ty = frpritys,
which is invertible by the assumption. O

Lemma 5.5.3. Suppose given a cartesian square of the form (5.10). Suppose
that for every (T',t") € Lisy, (a) g» commutes with t%, ; (b) f« commutes
with (potl,);. Then f, commutes with p.

Proof. By Subsect. B.3 and since each functor in Ex , preserves colimits ( f.
and g. by (Prl)), it will suffice to show that Exi, oty is invertible. By
assumption (a), this is identified with Ex . : (got){gr « = f«(p oty )i, which
is invertible by assumption (b). O
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5.5.4. Proof of (Pr4). Suppose given a cartesian square

X’ 9 H,

b

X ——

where f is proper representable. We check that Ex) . : qig« = fupr (A.13) is
invertible.

We argue by induction on the representability of ¢. Assume first that ¢ is
representable. For every (7,t) € Lisy, the base changed square

ar
Xy —— Y7

ipT qu
Xp 2w T

consists of spaces. Thus fr . commutes with pr by (Pr4) for spaces. By
Lemma 5.5.2 we conclude that f, commutes with py in this case.

Next suppose that g is n-representable, and that the claim is known
for f representable and ¢ (n — 1)-representable. Given (7,t) € Lisy and
(T, t') € Lisy, , form the diagram of cartesian squares

gr/
X, —— T’

lt’x, lt’
X ey
e o

Xy 1T T

For every (1",t"), t' : T" - Y. is (n — 1)-representable since Y. is n-Artin.
Thus by the inductive hypothesis, gr. commutes with ¢{. Similarly, fr.
commutes with (grot’) since grot’ is representable and shriekable. Applying
Lemma 5.5.3 as (717,t") varies, we deduce that fr, commutes with gp;.
Applying Lemma 5.5.2 as (T,t) varies, we then deduce that f, commutes
with ¢.

5.6. (Pr5). Let Dy be a presentable preweave on (Art, &4 ) whose underlying
presheaf D* satisfies Cech descent along smooth covering morphisms. We
assume that the restriction of Df to (Spc,&p) admits f-direct image for
smooth morphisms of spaces, and *-direct image for proper morphisms of
spaces.

Lemma 5.6.1. Let f : X - Y be a proper representable morphism of Artin
stacks. Assume that Dy satisfies (Pr2) and (Pr3) for f, as well as (Pr5) for
every base change fr:Xp — T along (T',t) € Lisy. Then it satisfies (Pr5) for

I
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Proof. Let ¢ : Y - X be a shriekable section of f. Form the diagram of
cartesian squares

fr

T T, %, T
lt ltx t
y L.y

Since f, and i satisfy the projection formula (the former by (Pr2)), it will
suffice to show that f.i;(1x) € D(X) is ®-invertible. By Lemma 4.5.4 and
the commutativity of f. and 4, with *-inverse image (the former by (Pr3)),
this is equivalent to the ®-invertibility of fr .ir(17) € D(T"), which follows
from the assumption that fr satisfies (Pr5). O

5.6.2. Proof of (Pr5). Let f:X — Y be a proper representable morphism of
Artin stacks and 7 : Y — X a shriekable section. By Lemma 5.6.1 it will suffice
to show that for every (T,t) € Lisy, the base change fr: Xp — T satisfies
(Pr5). Since fr:Xp — T is a proper morphism of spaces, this holds by the
assumption.

5.7. Proof of Theorem 3.4.5(ii). Let D/ be a presentable preweave on
(Art, &) whose underlying presheaf D* satisfies Cech descent along smooth
covering morphisms. We assume that the restriction of Dy to (Spc, &)
admits f-direct image for smooth morphisms of spaces, and *-direct image
for proper morphisms of spaces.

We have shown in Subsects. 5.2, 5.3, 5.4, 5.5 and (Pr5) that D satisfies
(Pr1), (Pr2), (Pr3), (Pr4) and (Pr5), respectively, for every proper repre-
sentable morphism of Artin stacks. In summary, Dy admits *-direct image
for every proper representable morphism of Artin stacks.

6. CONSTRUCTION OF THE EXTENSION

6.1. Proof of Theorem 3.4.3(i). Let D{ be a left preweave on (Spc, &p).
The claim follows by applying the following abstract extension result:

Proposition 6.1.1 (Liu—-Zheng—-Mann). Let € be an oo-category and & a
class of morphisms in ¢ which is closed under base change. Let €' be an
co-category containing ¢ as a full subcategory and &' a class of morphisms
in €’ which contains &. Suppose the following condition holds:

(*) For any morphism f: X - Y in &', if Y € ¢, then also X € ¢ and
feé&.

Then any left preweave D{ on (¢,&) extends uniquely to a left preweave
D" on (¢',&") such that the underlying presheaf D<+* : €"°P — Cat is the
right Kan extension of D* : €°P — Cat along ¢ ¢ ¢'. Moreover, if D{ is a
presentable preweave, then so is Df] .
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Proof. To apply [Man, Prop. A.5.16], we also need to check the following
condition: For any cartesian square in ¢’

X~y

Pl

X_f,y

where X,Y,Y' € € and f € &, we must have X' € €. But since & is stable
under base change, g € & and hence the condition in the statement implies
that X' € €. O

6.2. Proof of Theorem 3.4.3(ii).

6.2.1. Let D/ be a presentable preweave on (Spc,&p) whose underlying
presheaf D* satisfies Cech descent along étale covering morphisms and which
admits §-direct image along smooth morphisms of spaces.

6.2.2.  Applying Theorem 3.4.3(i), we obtain a presentable preweave Df"*
on (Art,éﬁ) which is the unique extension of D{ with the property that
its underlying presheaf D * : (Art)°® — Cat is the lisse extension of
D* : (Spc)°®P — Cat. Since D* satisfies Cech descent along étale cover-
ing morphisms of spaces, this means that D" is equivalently the unique
extension of D* satisfying Cech descent along smooth covering morphisms of
Artin stacks (see Proposition 3.2.5 and Corollary 3.2.6).

6.2.3. It remains to extend the preweave Df’* from (Art, £9) to (Art,&y).
By induction, it will thus suffice to show:

Proposition 6.2.4. Let D} be a presentable preweave on (Arty,, &), for
some n > 0. If D admits j-direct image for all smooth morphisms of n-Artin
stacks and satisfies Cech descent along (n —1)-representable smooth covering
morphisms of n-Artin stacks, then there exists a unique extension of D{ to a
presentable preweave on (Art,, &) = (Art,, 8,).

6.2.5. To prove Proposition 6.2.4 we will apply the following abstract exten-
sion result (see [Man, Lem. A.5.11]).

Proposition 6.2.6 (Liu—-Zheng—Mann). Let € be an oo-category and & a
class of morphisms in ¢ which is closed under base change. Let &' be a class
of morphisms in ¢ which contains &. Suppose the following condition holds:

(x) For every X € € and every f:Y — X in &', the canonical functor
. !
DY) - lin D'(S)
(S,5)
is equivalence, where the limit is over pairs (S,s) with S € € and
s$:S8 =Y a morphism in € such that s and fos:S — X both lie in &.

Then any presentable preweave Dy on (¢,&) extends uniquely to a pre-
sentable preweave on (€,&").
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6.2.7. The following is the condition (*) of Proposition 6.2.6 specialized to
the situation of Proposition 6.2.4:

Theorem 6.2.8. Let D} be a presentable preweave on (Art,, &), for
some n > 0. Suppose D{ admits f-direct image for all smooth morphisms of
n-Artin stacks and satisfies Cech descent along (n — 1)-representable smooth
covering morphisms of n-Artin stacks. Then for every morphism of n-Artin
stacks f:Y - X that lies in &,, the canonical functor

D(Y) - lim D'(8) (6.1)
(8:5)
is equivalence, where the limit is over (8,s) with 8 n-Artin and s : 8§ - Y

an (n - 1)-representable morphism in & such that fos:8 - X is (n—1)-
representable (and the transition functors are given by !-inverse image).

We will prove Theorem 6.2.8 in Subsect. 6.4 below. This will thus conclude
the proof of Proposition 6.2.4 and thus that of Theorem 3.4.3(ii).

6.3. Digression. In this subsection we provide an abstract criterion (Corol-
lary 6.3.7) for a presheaf to satisfy the condition appearing in Theorem 6.2.8.

6.3.1. Recall the class of morphisms &J in Art (3.1.8).

Let X be an (n+1)-Artin stack, n > 0, and denote by &x(n) the co-category
whose objects are pairs (8,s:8 — X) where 8 is an (n + 1)-Artin stack and s
lies in the class &, and whose morphisms (8',s") — (8, s) are n-representable
morphisms 8’ - 8 compatible with s" and s.

Denote by &2(n) the co-category whose objects are pairs (8, s) where 8 is
an (n+ 1)-Artin stack and s:8 — X is a n-representable morphism that lies
in &, and whose morphisms (8',s") — (8, s) are (necessarily n-representable)
morphisms 8’ — 8 compatible with s" and s.

Thus &2(n) is a full subcategory of & (n). An object of & (n) of the form
(8,5) belongs to &Y(n) if and only if s: 8 - X is n-representable. We have
the forgetful functors:

EX(n

(n)

)« Ex
\go /
9.

6.3.2. Given an oco-category with limits ¥, we denote by F + FRKE the
functor of right Kan extension of ¥-valued presheaves along the above
inclusion. Thus we have for Y € &x(n),

FREE(Y) = lim F(8), (6.2)
(8,5)
where the limit is taken over the co-category %y x(n) of pairs (8, s) where
8 is an (n + 1)-Artin stack and both morphisms s:8 - Y and § - Y - X
are n-representable and lie in &. Morphisms (8',5") - (8,s) in Fyx(n) are
(necessarily n-representable) morphisms 8’ - 8 compatible with s" and s.
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Proposition 6.3.3. Let F : (62(n))°® - ¥ be a presheaf satisfying Cech
descent along smooth covering morphisms of Artin stacks. Then its right
Kan extension FREE : (&¢(n))°P — ¥ satisfies Cech descent along smooth
covering morphisms of Artin stacks.

Lemma 6.3.4. Let F : (&(n))°® — ¥ be a presheaf satisfying Cech descent
along smooth covering morphisms of Artin stacks. For every n-representable
morphism f:Y1 - Yo over X, the canonical map

FREEyy lim F(Y1 x7)
(T4)e Iy, (n) 2

is invertible.

Proof. Consider the base change functor

7 Iy x(n) = Fy, ().

Note that this is well-defined since if (T,t: T — Ya) is a pair with ¢ and
T - Yo - X n-representable, then Txy, Y1 - Y; and Txy, Y1 - Y1 - X
are still n-representable. Note moreover that f* admits a left adjoint fy,
sending a pair (8,s:8 — Y1) to the composite (8, fos:8 > Yy - Ys); this
is also well-defined since f:Y1 - Yo is n-representable. It follows that f* is
cofinal. O

Proof of Proposition 6.3.3. Let f:Y7 - Yo be a smooth covering morphism
in &(n), i.e., f is a n-representable smooth covering morphism over X. For
every (8,s) € Hy,x(n), the base change Y1 xy, 8 - § is also a n-representable
smooth covering morphism. Moreover, 8§ and Y; xy, 8 belong to é%g(n) since
8§ - Yy - X and Yy xy,8 - Y; - X are both n-representable.'® Hence by
assumption we have for each (8, s) the canonical isomorphism

F(8) - Tot(F (Y1 X S))

where Y1 . denotes the Cech nerve of Y1 > Yo. Passing to the limit over
(8,s) and using Lemma 6.3.4, we deduce that the canonical map

FRKE(yg) N Tot(FRKE(‘dL.))

is invertible. O

Denote by Shv(éx(n))y the full subcategory of presheaves on &x(n) satis-
fying Cech descent with respect to smooth covering morphisms, and similarly
for Shv(&y(n))y.

Corollary 6.3.5. The restriction functor
Shv(&x(n))y — Shv (&Y (n))» (6.3)

is an equivalence, whose inverse is F + FREE,

181ndeed the latter factors as the composite of the n-representable morphisms Y xy, § -
S and § - X.
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Proof. At the level of presheaves, F' — FREE ig right adjoint to the restriction
functor. Since it preserves the descent condition by Proposition 6.3.3, it
restricts to a right adjoint to (6.3). To show that it is an equivalence, it
will suffice as in the proof of Corollary 3.2.6 to consider the case ¥ = Ani.
Then (6.3) also admits a left adjoint, given by left Kan extension (followed
by localization), which is fully faithful and colimit-preserving. It will thus
suffice to show that it generates under colimits.

Let (8,s) be an object of &x(n). Let p: X - X be a smooth covering
morphism where X is a space and ¢ : S - 8 xx X a smooth covering morphism
where S is a space. Consider the commutative diagram

S —Lor Sxy X — 8

N,k

X 2

Note that p and ¢ are n-representable since X and 8 are (n + 1)-Artin. In
particular, sg: .S - X — X is n-representable as the composite of p and a
morphism of spaces, hence (.5, sp) belongs to fj(c)(n) Since S - Sxy X - 8
is also n-representable, it determines a morphism (S, sp) = (8,s) in &x(n).
By construction, its Cech nerve (S, 50)e has geometric realization isomorphic
to (8,s) in Shv(&y(n)). Since every term of (S, sp)e is n-representable over
X and hence belongs to & (n), the claim follows. O

Recall from (4.4.1) that &', is the class of n-representable morphisms in
Artn+1.

Corollary 6.3.6. Let F': (&§",,)°° — ¥ be a presheaf satisfying Cech descent
along n-representable smooth covering morphisms of Artin stacks. For every

(n+1)-Artin stack X, n > 0, there is a canonical isomorphism

F

Sx(n) = (F|g§(n))RKE

of ¥'-valued presheaves on &x(n).

Proof. By Corollary 6.3.5, the target is uniquely determined by the fact
that it extends F| £9(n) and satisfies Cech descent along smooth covering
morphisms in &x(n). Let us show the same for F|g (). First, we clearly
have

(F

Ex(n) ) |6"3(C](n) = F|£’§(") ’

Second, smooth covering morphisms in &y(n) are n-representable by defini-
tion, so F satisfies Cech descent along them by the assumption. U

Corollary 6.3.7. Let F': (&,,)°° = ¥ be a presheaf satisfying Cech descent
along n-representable smooth covering morphisms of Artin stacks. Then for
every (n + 1)-Artin stack X, n > 0, and every (n + 1)-Artin stack Y over X,
the canonical map
F)~ lm  F(S)
(8,5)eHy x(n)
is invertible.



42 A.A. KHAN

6.4. Proof of Theorem 6.2.8.

6.4.1. Let D} be a presentable preweave on (Art,, & 1), and assume that
D/ admits f-direct image for all smooth morphisms of n-Artin stacks and
satisfies Cech descent along (n —1)-representable smooth covering morphisms
of n-Artin stacks.

Recall that D* : (Art)°? — Cat satisfies Cech descent along any smooth
covering morphism of Artin stacks (Proposition 3.2.5). Since every smooth
(n - 1)-representable morphism f in Art,, is shriekable for Dy, we have by
Corollary 2.1.4 the Poincaré duality isomorphism f' =~ % ¢ f*. It then follows
by Proposition 2.3.2 that D' : (£7%"1)° - Cat satisfies Cech descent along
(n — 1)-representable smooth covering morphisms of n-Artin stacks. We may
now apply Corollary 6.3.7, which yields the claim.

7. EXAMPLE: WEAVES ON ALGEBRAIC STACKS

7.1. Weaves satisfying étale descent.

7.1.1. Let k be a commutative ring and denote by Asp,, denote the category
of locally of finite type k-algebraic spaces. Denote by Asp;" the class of
smooth morphisms, Asp$ the class of surjective étale morphisms, Aspy'
the class of proper morphisms. The data (Aspy,, Aspy, Aspy™, Aspy' ) satisfies
the axioms of (1.5.1).

7.1.2. Let D{ be a presentable weave on (Aspy, Aspy, Aspy", Aspy ). That
is, Dy is a presentable preweave on Asp;, where all morphisms are shriekable,
which admits §-direct image along smooth morphisms and x*-direct image
along proper morphisms.'?

We assume that the underlying presheaf D* : (Asp,)°® — Cat satisfies
étale descent, i.e., Cech descent along étale surjections.

Examples include:

(a) Betti sheaves: If k is a C-algebra, we may take X — D(X) sending X
to the oco-category of sheaves of R-modules on the topological space
X (C), where R is a commutative ring?’.

(b) Mized Hodge modules: If k is a C-algebra, we may take X — D(X)
sending X to the co-category Ind DP(MHM(-)) of (ind-completed®!)
mixed Hodge modules on X. (See [Tub] for the oco-categorical en-
hancement of Saito’s triangulated categories.)

190ne can use an easier version of the following argument to uniquely lisse-extend
weaves satisfying étale descent from schemes to algebraic spaces.

2061 more generally, an €..-ring spectrum; see Subsect. 8.1
21This means that we formally adjoin filtered colimits in order to turn the small

oo-categories D?(MHM(-)) into presentable ones.



LISSE EXTENSIONS OF WEAVES 43

(c) Etale sheaves (finite coefficients): If n € k*, we may take X + D(X)
sending X to the oo-category of sheaves of Z/nZ-modules on the
small étale site of X.

(d) Etale sheaves ((-adic coefficients): If £ € k*, we may take X + D(X)
sending X to the oo-category Dgi (X, Zy) of ¢-adic sheaves on the
small étale site of X, i.e., the limit D¢ (X, Z/¢"Z) over n > 0.

These examples can all be constructed as weaves using [Kha2, Thm. 2.51] or
[DK, Thm. 3.3].

7.1.3. Let Arty denote the co-category of Artin stacks locally of finite type
over k. We denote by Art;™ and Art,""" the classes of smooth morphisms
and proper representable morphisms of Artin stacks, respectively. We claim:

Corollary 7.1.4. Let D} be a presentable weave on (Aspy, Aspy, Aspy™, Aspy ).
There exists a unique presentable weave D!<] " on (Arty, Arty, Arty™, Art) ")
whose underlying presheaf D<"* is the lisse extension of D* : (Asp;,)°? — Cat
(see Subsect. 3.2). That is, Df]’* is a presentable weave on Art, where all
morphisms are shriekable, the “smooth” morphisms are smooth morphisms of
Artin stacks, and the “proper” morphisms are proper representable morphisms
of Artin stacks.

Proof. The standard notion of (higher) Artin stacks in algebraic geometry is
the same as the abstract notion defined in (3.1.5) when we take the context
(€, €™, €%°) to be (Aspk,Aspzm,AspitCOV (recall that AspgDCOV is the
class of étale surjections.) Note that the smooth covering morphisms in
the sense of (3.1.3) are the smooth surjections. Hence the claim follows by
applying Corollary 3.4.7. O

7.2. Weaves satisfying Nisnevich descent.

7.2.1. Let k be a commutative ring and let Asp;, be the full subcategory of
Asp,, spanned by Zariski-locally quasi-separated algebraic spaces (that are
locally of finite type over k). We let Dy be a presentable weave on Aspy,
where all morphisms are shriekable, the “smooth” morphisms are the smooth
morphisms, and the “proper” morphisms are the proper morphisms.

Unlike in Subsect. 7.1, we only assume that the underlying presheaf D* :
(Asp),)°P — Cat satisfies Nisnevich descent, i.e., Cech descent along étale
morphisms that are cd-surjective. We say that a morphism in Asp,, is cd-
surjective if it is surjective on k-points for every field extension x/k.

7.2.2.  Any topological weave in the sense of [Kha2, §3] is an example of
a weave satisfying Nisnevich descent. In particular, the following examples
define topological weaves by [Kha2, Cor. 3.33] (see also [Khal]):

(a) Motives: Take X — D(X) sending X to the oco-category Dot (X) :=
Dyz(X) of modules over the integral motivic Eilenberg—MacLane
spectrum HZx as in [Spi|. (See [CD2, Thm. 5.1] and [CD1, §14]
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for comparisons with other constructions of derived categories of
motives. )

(b) Cobordism motives: Take X ~ D(X) sending X to the oo-category
Dumar of modules over Voevodsky’s algebraic cobordism spectrum

MGLy.

(¢) Motivic stable homotopy theory: Take X » D(X) sending X to the
oco-category SH(X) of motivic spectra on X.

7.2.3. Take the context (€,%€"™,€%") to be (Aspl, Aspf™, AspcteoY),
where Aspp™ is the class of smooth morphisms in Asp, and Aspc*™ is the
class of étale cd-surjective morphisms in Aspj. In this context, the smooth
covering morphisms in the sense of (3.1.3) are the smooth cd-surjective

morphisms (see [KR, Lem. 0.6]).

Therefore, the abstract notion of “Artin stacks” (resp. “n-Artin stacks”)
defined in (3.1.5) with respect to the context (Aspj,Aspf™, Asp/oieV) is
precisely the notion of “Nis-Artin stacks” (resp. “(Nis,n)-Artin stacks”) as
defined in [KR, 0.2.2]. Every (Nis,n)-Artin stack is n-Artin, and any 1-Artin
stack which is quasi-separated with separated diagonal is in fact (Nis, 1)-Artin
(see [KR, Thm. 0.7]).

Denote by Art™ and Art,”"""" the classes of smooth morphisms and
proper representable morphisms in Arty, respectively. In the notation of
(3.1.10) and (3.1.8) we have Art™ = (Aspp™)q and Art,”"P" = (AspP")Y.
Applying Corollary 3.4.7 to this context thus yields:

Corollary 7.2.4. Let D{ be a presentable weave on Aspy. There exists
a unique presentable weave D" on (Art}, Art}, Art™, Art,""P") whose

underlying presheaf DY* is the lisse extension of D* : (Asp},)°? — Cat (see
Subsect. 3.2).

8. EXAMPLE: SHEAVES ON TOPOLOGICAL STACKS

8.1. Sheaves on topological spaces.

8.1.1. All topological spaces are implicitly assumed locally compact and
Hausdorff. We write Top for the category of topological spaces; a morphism
of topological spaces is a continuous map.

8.1.2. Let R be an €4 -ring spectrum and denote by Modg the stable oco-
category of R-modules. For a topological space X, we denote by Shv(X; R)
the stable oco-category of sheaves on X with values in Modg. That is, its
objects are presheaves OpgéJ — Modpg, where Opy is the poset of opens of
X, which satisfy Cech descent. Below, we will regard R as fixed and write
simply Shv(X) := Shv(X; R).
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8.1.3.  For a morphism of topological spaces f: X — Y, the *-inverse image
functor

f*:Shv(Y) - Shv(X)
is the unique colimit-preserving functor sending the sheaf on Y represented
by an open V €Y to the sheaf on X represented by the open f~1(V) c X.

Its right adjoint, the *-direct image functor f,, is given informally by the
formula T'(V, f.(F)) = T(f~1(V),F) where F € Shv(X).
We denote by
Shv* : Top® — Pr” (8.1)
the functor sending X — Shv(X) and f — f*.

8.1.4. The presheaf of co-categories Shv* admits f-direct image for topo-
logical submersions. Indeed, let f : X — Y be topological submersion of
topological spaces. Then we have:

(Sml) f* admits a left adjoint fy: see [Vol, Lem. 3.24].
(Sm2) fy satisfies the projection formula: see [Vol, Cor. 3.26].

(Sm3) fy commutes with *-inverse image: see [Vol, Lem. 3.25|.

8.1.5. The presheaf of co-categories Shv* admits *-direct image for proper
morphisms. Indeed, let f: X - Y be a proper morphism of topological
spaces. Then we have:

(Prl) fy is colimit-preserving: combine [Lurl, Rem. 7.3.1.5], [Lurl, Thm. 7.3.1.16],
and [Hai, Cor. 3.12]. Alternatively, see [Vol, Lem. 5.14].

(Pr2) f. satisfies the projection formula: see [Vol, Lem. 6.3, Prop. 6.12].

(Pr3) f. commutes with *-inverse image: in this generality, see [Hail.

8.1.6. The presheaf of oo-categories Shv* : (Top)°® — Cat satisfies Cech
descent with respect to surjective local homeomorphisms. For example, this
follows from Lemma 2.2.3: it is clear that f* is conservative for any surjective
local homeomorphism f.

8.1.7. Let Top®™ be the class of topological submersions in Top and Top*”
the class of proper morphisms in Top. The data (Top, Top, Top*™, TopP")
satisfies the axioms of (1.5.1). In other words, the “smooth” morphisms in
Top are the topological submersions, the “proper” morphisms are the proper
morphisms, and all morphisms are shriekable.

We extend the presheaf Shv* to a weave Shvy on (Top, Top™, Top?*, Top).
That is, Shv, will be a preweave on Top where all morphisms are shriekable,
topological submersions admit §-direct image, and proper morphisms admit
*-direct image.

Theorem 8.1.8. There exists a presentable weave

Shv; : Corr(Top) — PrP (8.2)
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on (Top, Top, Top*™, TopP"), which is uniquely characterized by the following
identifications:

(i) Shvy [(op)er = Shv™,

(ii) Shv{ |poper = Shv,.

(iii) Shvy |poper = Shvy, where Top®? is the class of open embeddings in Top.

8.2. Proof of Theorem 8.1.8. We begin with some preliminary lemmas.

Lemma 8.2.1. Let f: X - Y be a morphism of topological spaces. Consider
the category € (f) of factorizations of f of the form

xLphy,

where j is an open embedding and p is proper, in which morphisms are
commutative diagrams

Then €(f) is cofiltered. In particular, its underlying oo-groupoid is con-
tractible.

Proof. Since X is locally compact and Hausdorff by assumption, the canonical
map X < X to the Stone-Cech compactification is an open embedding. By
the universal property of the latter, f factors through a morphism gf : X —
BY . As a morphism between compact spaces, 5f is proper. Thus f factors
canonically as the composite

. x LA
fiX 2 BX 1Y 5, (8.3)

where j is an open embedding and p, the base change of Sf, is proper. This
shows that €'(f) is nonempty.

Given two factorizations X > P —>Y and X > P'>Y, X <> Pxy P' > Y
is a new factorization mapping to both.

Given two factorizations X < P - Y and X < P’ — Y with parallel arrows
P =3 P, let Py denote the equalizer. Then X < P factors through X < P.
Choose a compactification X = P” — Py of the latter. Then X - P” - Y is
a compactification of f which is equalized by P = P'. O

Lemma 8.2.2 (Kiinneth formula). Let fi : X1 - Y] and fo : Xo - Y5 be
proper morphisms of topological spaces. Then the natural transformation

fra(=) 8 fou (=) = (fi x f2)«(-®-),
of functors Shv(X1) ® Shv(Xs) - Shv(X; x X3), is invertible.

Proof. This follows from the base change and projection formulas for proper
*-direct image. U
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Lemma 8.2.3. For every cartesian square

.
x 1.y

where f is proper and v is an open embedding, f. commutes with vy. That
is, the natural transformation Exy . 1 vygs = fxuy (A.11) is invertible.

Proof. If f is a closed embedding, this follows easily from the localization
triangle, see e.g. [Vol, Cor. 4.10]. In general, choose a compactification X of
X so that f factors as the composite

XLXxy 2y

where p is the projection. Since the source and target of ¢ are both proper
over Y, i is proper and hence a closed embedding. It will thus suffice to show
the claim for p instead of f. This follows easily from Lemma 8.2.2. (]

8.2.4. Proof of Theorem 8.1.8. We apply the work of [LZ] as summarized in
[Man, Prop. A.5.10]?%, which provides the preweave Shv; with the asserted
properties, once the following conditions are verified:

(a) The class Top®°? is closed under base change and sections (and hence
also under two-of-three).

(b) The class Top" is closed under base change and sections (and hence
also under two-of-three).

(¢) Any morphism that is in Top°® n Top?" is a monomorphism.

(d) The category of compactifications of any morphism in Top is con-
tractible (Lemma 8.2.1).

(e) Shv* admits f-direct image for open embeddings.
(f) Shv* admits *-direct image for proper morphisms.

(g) For every proper morphism f: X - Y and every open embedding
j:V oY, f. commutes with j, (see Lemma 8.2.3).

Uniqueness holds by [DK, Thm. 3.3|.

It remains to show that Shv| is a weave, i.e., that it admits j-direct image
with respect to topological submersions and *-direct image with respect to
proper morphisms. The remaining axioms are as follows:

(Sm4): For every topological submersion f : X — Y, f; commutes with
I-direct image. This holds by [Vol, Cor. 6.14].

(Smb) For every topological submersion f : X - Y and every sectioni:Y — X,
the functor fyi) is an equivalence. For this, combine Lemma 2.1.6 and [Vol,
Prop. 7.7].

22Alternatively, apply Theorems 3.2.2(b) and 5.2.4 of [GR, Chap. 7|.
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(Pr4) For every proper morphism f: X - Y, f. commutes with !-direct
image. Indeed, to show that f, commutes with ¢ for a morphism ¢q:Y’ - Y,
we may assume that ¢ is either proper or an open embedding (by choosing
a compactification of ¢). When ¢ is an open embedding, the statement is
Lemma 8.2.3. If ¢ is proper, consider the exchange transformation (A.13)

counit

it
EX) ., qigs — qig«P'P1 = @' fopr ———> fupr.

We have by construction of Shv| that, under the identifications between
¢ ~ ¢« and py ~ p,, the base change isomorphism Ex| : g«p' = q'f+ is identified
with the proper base change isomorphism Ex} : ¢* fi ~ ¢g.p* (A.9), and hence
Ex . is identified with the functoriality isomorphism g.g« ~ f«p«.

(Pr5) For every proper morphism f: X — Y and every section i: Y — X, the
functor f.iy is an equivalence. Indeed, we have by construction of Shv, the
tautological identification fi ~ f,, under which the given functor is equivalent
to the identity.

8.3. Topological stacks. Recall that we have defined the “smooth” mor-
phisms in Top to be the topological submersions. We define the “étale
covering” morphisms to be the surjective local homeomorphisms. Note that
the condition of being a topological submersion is local on the source in the
sense that if f: X — Y is a morphism such that there exists a surjective local
homeomorphism p: X’ - X with f op a topological submersion, then f is
a topological submersion. Thus if Top*™ and Top®®°¥ denote the classes of
topological submersions and surjective local homeomorphisms, respectively,
then the data (Top, Top™, Top®*®¥) satisfy the axioms of (3.1.1).

As in (3.1.3), a “smooth covering” morphism of topological spaces is a
topological submersion f: X — Y for which there exists a surjective local
homeomorphism ¢ : Y" - Y such that the base change X xy Y’ — Y’ admits
a section. In other words, it is a surjective topological submersion.

We may thus define the notions of topological stack, topological n-Artin
stack (n > 0), and topological Artin stack as in (3.1.5).23 For example, a
topological stack is a presheaf of anima (Top)°? — Ani satisfying Cech descent
with respect to surjective local homeomorphisms. A topological stack X is
1-Artin if it has representable diagonal and there exists a topological space
X with a morphism X — X which is representable by a smooth covering
morphism of spaces. We write Art(Top) for the oco-category of topological
Artin stacks.

230ur definitions are not quite the same as the ones found in the literature. First,
we only work with locally compact Hausdorff topological spaces (rather than compactly
generated topological spaces). Second, we allow higher stacks, i.e., sheaves with values in
co-groupoids rather than 1-groupoids. Third, we impose descent with respect to surjective
local homeomorphisms rather than only open covers (but these conditions are in fact
equivalent). Lastly, our notion of “topological stacks” is (the untruncated version of)
what is called “stacks on Top” in [Noo|, while our notion of “topological 1-Artin stack”
corresponds to what is called “topological stacks” in [Noo, §13.2] when LF in loc. cit. is
taken to be the class of topological submersions.
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We define topological submersions and proper representable morphisms of
Artin stacks as in (3.1.5) and (3.4.2), respectively.

Applying Corollary 3.4.7 to the weave Shv; on Top (Theorem 8.1.8), which
satisfies descent with respect to surjective local homeomorphisms (8.1.6), we
obtain:

Corollary 8.3.1. There exists a unique presentable weave Shvf‘ " on Art(Top),

where all morphisms are shriekable, such that the underlying presheaf D<*
is the lisse extension of D (see Subsect. 3.2).

In particular, we have

DY (X) = lim D(S)
(5.5)

for every topological Artin stack X, where the limit is taken over (S, s) € Lisy
and the transition functors are *-inverse image; see Subsect. 3.2 for the
definition of Lisy. Corollary 8.3.1 asserts that the co-categories DY (X) are
equipped with the operations (®, Hom) and (f*, f.) and (fi, f') for arbitrary
morphisms of topological Artin stacks, satisfying the usual base change and
projection formulas. Moreover, we have by Corollary 2.1.4 the Poincaré
duality isomorphisms f' ~ ¥ pf* for any topological submersion of stacks,
where ¥ ¢ can be interpreted as tensoring with the Thom space of the relative
tangent microbundle of f. Dually, we have fi ~ f, for any proper representable
morphism.

APPENDIX A. EXCHANGE TRANSFORMATIONS

Let (¢,&) be as in (1.2.1) and Dy a left preweave on (%,&).
A.l. Projection formulas. Let f: X - Y be a morphism in %.

A.1.1. If f is shriekable, there is a canonical isomorphism
Ex? fi(-) @ (=) = fi-® () (A1)

encoded by the lax monoidality of the preweave Dy

A1.2. If f7 admits a left adjoint fy, then there is a canonical exchange
transformation

Ex;: fy(-® f(9) ~ fi(-) ® S (A.2)
which by definition makes the following diagram commute:

(A.2)

fief (=) ——— fi-)e ().
lunit Tcounit

(=) e f (-) == ff (i) e (=)
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A.1.3. If f* admits a right adjoint f., then there is a canonical exchange
transformation

Ex?": fu(5) ® (5) = fu(-® f (7)) (A.3)
which by definition makes the following diagram commute:

(A.2)

fi(=)e(-) fe(=@ f7(-)).
lunit Tcounit

i (fu() @ (=) == £ fi () e f ()

A.1.4. Suppose that f* admits a right adjoint f, and that D(X) and D(Y")
are closed symmetric monoidal, so that there are internal hom functors
Hom y (-, —) and Hom, (-, -).

For every morphism f: X — Y, symmetric monoidality of the functor f*
yields a canonical natural transformation

Ex ™ : Homy (-, fu(-)) = f.Hom y (f*(-),-) (A4)

which by definition makes the following diagram commute for all ¥ € D(Y),
G e D(X):

Homy (7, /.9) () f.Homy (f*7,5).

lunit Tcounit

f+f"Homy (7, £.9) f«Homy (f*F, f* f+5)

lCOEV Tev

f*I—IoimX(f*?af*I—IOJY(?v f*g) ® f*‘rf) - f*@X(f*gaf*(HomY(?a f*g) ®3~))

Moreover, (A.4) is invertible, as one can check by applying Maps(H, -) for
all e D(Y).

A.1.5. Suppose D(X) and D(Y) are closed symmetric monoidal. There is
a canonical natural transformation

Exfiom ¢ f"Homy (=, =) > Homx (f*(-), f*(-)) (A.5)
which by definition makes the square

(A.5)

f*Homy (-, -) Homy (f*(=), f*(-))-
lunit Tcounit
(A4)

frHomy (-, fi f* (<)) —— f*feHomx (f*(-), f*(-))

commute.

When fy exists, (A.5) is the right transpose of the natural transformation
Exg@’* s fy(=® (=) = fi(-) ® (-) (A.2). Thus in that case, (A.5) is
invertible if and only if Ex?’* is invertible.
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A.2. Base change formulas. Suppose given a cartesian square
Xl g Yl

N
x L.y

in ¥.

A.2.1. If f is shriekable, then there is an invertible exchange transformation

Ex; :q¢"fi—> gip”. (A.6)
If fi and ¢ admit right adjoints f' and ¢', and p* and ¢* admit right adjoints
P+ and g, then there is by transposition an invertible exchange transformation

EX, ' fs = guq - (A7)

A22 If f* and ¢g* admit left adjoints fy and gy, there is an exchange
transformation

* % unit * gk
Ex; :gip* T g0y = 197 a" i s ¢ fy (A.8)
When this is invertible, we will say that fy commutes with q*.

A23. If f* and ¢g* admit right adjoints f. and g., and p* and ¢* admit
right adjoints p. and g¢., there is an exchange transformation

unit counit

Ex}:q" fo — ¢ fapD" 2 @ qugp” — g«D” (A.9)

When this is invertlble, we will say that f. commutes with ¢*. When p* and
g* admit left adjoints, Ex} is the right transpose of Exg' o f* = gy (A8).

A24. If f* and ¢g* admit left adjoints f; and gy, there is an exchange
transformation

.t * * .t
Exy: fip— fimg or = fif *agy —— agy, (A.10)
where the isomorphism in the middle is Ex," (A.6). When this is invertible,
we will say that fy commutes with q (or py).

A.25. If f* and ¢* admit right adjoints f, and g., p* and ¢* admit left
adjoints py and ¢4, and ¢y commutes with f*, then there is an exchange
transformation

counit

ExXpe t 40— fo " 0400 = [+049" 90 > fupy, (A.11)

where the isomorphism in the middle is Exy (A.8). When this is invertible,
we will say that f. commutes with gy (or py).

A.2.6. 1If q is shriekable, p and ¢ admit right adjoints p' and ¢', and f* and
g* admit right adjoints f+ and g, there is an exchange transformation
% | unit

Ex™ g% =5 ¢ fof 2 gt g £ Pl (A.12)

where the isomorphism in the middle is Ex!* (A.7). When this is invertible,
we will say that f* commutes with ¢' (or p'). When f* and ¢* admit left
adjoints, Ex*" is the right transpose of Exyy (A.10).

% counit
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A.2.7. If q is shriekable, f* and ¢* admit right adjoints f, and g., and p
and ¢ admit right adjoints p' and ¢', then there is an exchange transformation

counit

EX1e t Qi > qigep' P12 @1 fopr s fupy (A.13)

where the isomorphism in the middle is Ex\ (A.7).

APPENDIX B. DESCENT BY DIAGRAMS

Let € be an oo-category with fibred products. Let X € € and F':J - €)x
a diagram in ¢y indexed by an co-category J. We will denote this informally
by (fi:Y; > X);eg, where Y; := F(q) for i €J.

B.1. Let D* : ¥°° —» Cat be a presheaf of co-categories. Consider the
canonical functor
F*:D(X)—>li£1D(Yi). (B.1)
iel

If each f admits a right adjoint f; ., then F'* admits a right adjoint F\, given
informally by

(Fi)ieg = lim fi o (F5). (B.2)
i€]

If (B.1) is an equivalence, then in particular the unit id - F.F™* is invertible.
In other words, the canonical morphism in D(X)

F > lim f; . /7 (F) (B.3)
iel

is invertible for all F e D(X).

B.2. Let D': ¥° — Cat be a presheaf of oco-categories. Consider the
canonical functor

F':D(X) - imD(Y;). (B.4)
iel

If each fz' admits a left adjoint f;,, then F' admits a left adjoint F} given
informally by

(Fi)ies Hmfi,!(?i)- (B.5)

1)

If (B.4) is an equivalence, then in particular the counit FiF* — id is invertible.
In other words, the canonical morphism in D(X)

lim fi1 fi(F) - F (B.6)
iel

is invertible for all F e D(X).
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B.3. Suppose given a presheaf D* : #°P — Cat such that each f admits a
left adjoint f;y. The discussion in Subsect. B.2 translates as follows.

The functor F'* admits a left adjoint Fj, given informally by
(Fi)ieg = lim fi 4 (F5). (B.7)
1€J
If (B.1) is an equivalence, then in particular the counit Fy F* — id is invertible.
In other words, the canonical morphism in D(X)
lim fi 7 (9) = F (B3)
iel
is invertible for all F e D(X).
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