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ADEEL A. KHAN

Abstract. We study a derived version of Laumon’s homogeneous
Fourier transform, which exchanges Gm-equivariant sheaves on a derived
vector bundle and its dual. In this context, the Fourier transform exhibits
a duality between derived and stacky phenomena. This is the first in a
series of papers on derived microlocal sheaf theory.
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Introduction

Let E be a vector bundle over a scheme S. Laumon [Lau] introduced a
geometric Fourier transform

DGm(E;Q`) →DGm(E∨;Q`)

on homogeneous (= Gm-equivariant) bounded constructible derived cate-
gories of `-adic sheaves. It can be regarded as a uniform version of the `-adic
Fourier transform of Deligne (for base fields of characteristic p > 0) and the
D-module Fourier transform of Brylinski–Malgrange–Verdier (for base fields
of characteristic 0).

In this paper we describe an extension of this construction from vector
bundles to derived vector bundles, i.e., total spaces of perfect complexes.
The total space of a perfect complex exists naturally as a derived Artin
stack, which can exhibit both derived and stacky behaviour depending on the
amplitude of the complex. For a complex of vector bundles concentrated in
nonpositive degrees, its realization as a derived vector bundle is non-stacky
but singular and derived; for a complex in nonnegative degrees it is smooth
and underived but stacky.

−2 −1 0 1 2

derived stacky

So, in this context, the Fourier transform manifests a duality between derived
and stacky phenomena. What we will see is that, perhaps surprisingly, the
fundamental properties of the homogeneous Fourier transform persist to the
derived setting. Most importantly, we have the involutivity property: for
every derived vector bundle E there is a canonical isomorphism

FTE∨ ○FTE ≃ id (0.1)

up to a twist.

For classical vector bundles, the proof of involutivity rests on the computation

FTE∨(Q`) ≃ 0E,∗(Q`)(−r)[−2r] (0.2)

where 0E ∶ S → E is the zero section and r = rk(E); in particular, the Fourier
transform of the constant sheaf is supported on the zero section. For an
arbitrary derived vector bundle E, where 0E need not be a closed immersion
(unless E is of nonpositive amplitude), the functors 0E,∗ and 0E,! give two
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possible generalizations of this. It turns out that the version that is both
correct and relevant is the !-version: the canonical morphism

0E,!0
!
E(FTE∨(Q`)) → FTE∨(Q`)

is always invertible, regardless of the amplitude of E. We call this the
cosupport property; it is the key technical insight in this paper, from which
involutivity and all other desired properties of FTE follow.

Along the way we will also show that the homogeneous Fourier transform is
well-behaved in the context of any reasonable six functor formalism. More
precisely, we will work in the generality of any topological weave [Kha2].
This includes classical six functor formalisms such as the derived ∞-category
of sheaves of abelian groups (over C) or the derived ∞-category of `-adic
sheaves (over a base on which ` is invertible), but also various motivic ∞-
categories: Voevodsky motives, MGL-modules, or motivic spectra (not even
orientability is required).

One consequence of derived Fourier duality is the existence of a canonical
isomorphism in Gm-equivariant Borel–Moore homology

HBM,Gm
∗ (E) ≃ HBM,Gm

∗−2r (E∨
[−1]) (0.3)

for every derived vector bundle E → S of rank r (see Corollary 1.33). This
generalizes Kashiwara’s Fourier isomorphism (Example 1.34). Following
[MR2], one expects that (when S is a quasi-smooth derived scheme and E is
of amplitude [−1,0]) this is a decategorification of the linear Koszul duality
equivalence between the stable ∞-categories of Gm-equivariant ind-coherent
sheaves on E and E∨[−1] (see [MR1], [Tod, §4.6]).

The derived Fourier transform was conceived in late 2019, as part of a
program on derived microlocal sheaf theory, and first announced in a talk at
Kavli IPMU in February 2020. The first version of this paper was written in
January 2021, but the current proof using the cosupport property (whence
the path to generalizing beyond the case discussed in Proposition 1.30) was
only discovered recently. The argument using the cosupport property can also
be applied to other sheaf-theoretic Fourier transforms, such as the version
for monodromic sheaves in [Wan]. A derived version of Deligne’s original
`-adic Fourier transform is recently considered in [FYZ]; our arguments give
a simpler proof in that context as well. They also apply to the derived version
of the Fourier–Sato transform [KS], which we consider in forthcoming joint
work with T. Kinjo [KK].

0.1. Outline. We begin in Sect. 1 by defining the homogeneous Fourier
transform for derived vector bundles and stating our results about it. In
Sect. 2 we prove the easier properties that are independent of involutivity.
Sections 3, 4, and 5 achieve the proof of involutivity through the cosupport
property. Finally the remaining properties of the Fourier transform are
derived from involutivity in Sect. 6. Appendix A recalls the contraction
lemma and its consequences in our context. In Appendix B we redo some
straightforward computations from [Lau] that don’t involve derived vector
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bundles, adapting the arguments from op. cit. to the generality we work in
here.
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0.3. Conventions and notation.

0.3.1. Sheaves. Throughout the paper we fix a topological weave, which is an
axiomatization of a sheaf theory with the six functor formalism introduced in
[Kha2]. Roughly speaking this is a six-functor formalism with the following
properties:

(a) Localization: The ∞-category D(∅) is zero. For any derived Artin stack
X and any closed-open decomposition i ∶ Z →X, j ∶X ∖Z →X, there
is a canonical exact triangle of functors

j!j
∗
→ id→ i∗i

∗. (0.4)

(b) Homotopy invariance: For any derived Artin stack X and vector bundle
π ∶ E →X, the unit morphism id→ π∗π

∗ is invertible.

Note that localization implies derived invariance: for a derived Artin stack
X, the inclusion of the classical truncation Xcl ↪X induces an equivalence
D(X) ≃ D(Xcl) which commutes with each of the six functors. We also have
Poincaré duality, which for a topological weave gives a canonical isomorphism

f !
(−) ≃ f∗(−)⟨Tf ⟩ (0.5)

for f any smooth morphism with relative tangent bundle f . If D admits
an orientation (as in the first five examples below), we may identify ⟨Tf ⟩ ≃
⟨d⟩ ∶= (d)[2d] where d is the relative dimension of f .

On (derived) schemes, examples of weaves are as follows:

(a) Betti sheaves (over C): The assignment X ↦D(X) sending X to the
derived ∞-category D(X(C),Z) of sheaves of abelian groups on the
topological space X(C).
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(b) Étale sheaves (finite coefficients, over k with n ∈ k×): The assignment
X ↦ D(X) sending X to the derived ∞-category Dét(X,Z/nZ) of
sheaves of Z/nZ-modules on the small étale site of X.

(c) Étale sheaves (`-adic coefficients, over k with ` ∈ k×): The assignment
X ↦D(X) sending X to the `-adic derived ∞-category Dét(X,Z`) of
sheaves on the small étale site of X, i.e., the limit Dét(X,Z/`nZ) over
n > 0.

(d) Motives: The assignment X ↦ D(X) sending X to the ∞-category
DM(X) ∶= DHZ(X) of modules over the integral motivic Eilenberg–
MacLane spectrum HZX .

(e) Cobordism motives: The assignment X ↦D(X) sending X to the ∞-
category DMGL(X) of modules over Voevodsky’s algebraic cobordism
spectrum MGLX .

(f) Motivic spectra: The assignment X ↦ D(X) sending X to the ∞-
category SH(X) of motivic spectra over X.

0.3.2. Sheaves on stacks. When the weave satisfies étale descent, as in the
first three examples, it can be extended to (derived) Artin stacks following
the method of [LZ] (see also [Kha1, App. A]). In general, D only satisfies
Nisnevich descent, so we need to restrict our attention to Nis-Artin stacks
(see [Kha2, §4], [KR, §1]). For τ ∈ {Nis, ét} we define (τ, n)-Artin and τ -Artin
stacks as in [KR, 0.2.2]:

(i) A stack is (ét, 0)-Artin, resp. (Nis, 0)-Artin, if it is an algebraic space
(resp. a decent algebraic space). Here an algebraic space is decent if
it is Zariski-locally quasi-separated, or equivalently Nisnevich-locally
a scheme.

(ii) For n > 0, X is (τ, n)-Artin if it has (τ, n − 1)-representable diagonal
and admits a smooth morphism U ↠ X with τ -local sections from
some scheme U . A stack is τ -Artin if it is (τ, n)-Artin for some n.

For τ = ét, these are the usual notions of n-Artin stacks and Artin stacks,
while e.g. (Nis, 1)-Artin stacks are the same as quasi-separated 1-Artin stacks
with separated diagonal.

If our chosen weave D does not satisfy étale descent, then we adopt the
convention that Artin means “Nis-Artin”.

0.3.3. Gm-Equivariant sheaves. If X is a derived Artin stack with Gm-action,
we define the ∞-category of Gm-equivariant sheaves on X as the ∞-category
of sheaves on the quotient stack:

DGm(X) ∶= D([X/Gm]).

There is a forgetful functor

DGm(X) →D(X)

defined by ∗-inverse image along the (smooth) quotient morphism X ↠

[X/Gm].
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For any Gm-equivariant morphism f ∶X → Y the four operations f∗, f∗, f!,
f ! are defined on the Gm-equivariant category using the induced morphism
[X/Gm] → [Y /Gm]. Since each operation commutes with smooth ∗-inverse
image, they each commute with forgetting equivariance.

Note that, when the weave D does not satisfy étale descent, we are implicitly
using the fact that the group scheme Gm is “special”, so that X ↠ [X/Gm]

admits Nisnevich-local sections and hence the quotients are Nis-Artin when-
ever X is.

0.3.4. Derived vector bundles. Let S be a derived Artin stack. Given a
perfect complex E ∈ Perf(S), we denote by V(E) the stack of cosections of E,
or equivalently sections of E∨. That is, given a derived scheme T over S, the
T -points of V(E) over S are morphisms E∣T → OT in Perf(T ). This agrees
with Grothendieck’s convention for vector bundles.

Definition 0.6. The stable ∞-category DVect(S) of derived vector bundles
over S is the essential image of the fully faithful functor E ↦ V(E) from
Perf(S)op to the ∞-category of derived stacks over S with Gm-action.

Since E↦V(E) is contravariant, we will adopt the following conventions:

(a) If E = V(E), we write E[n] ∶= V(E[−n]) for every integer n.

(b) If E = V(E), we say E is of amplitude ⩾ 0 (resp. ⩽ 0, [a, b]) if E is
of Tor-amplitude ⩽ 0 (resp. ⩾ 0, [−b,−a]) in homological grading.
(Since E is perfect, E is of some finite amplitude.)

Now that these are in place, we will avoid making any further reference to
the construction E↦V(E) (so that it makes no difference whether we took
E or E∨).

Notation 0.7. Given a derived vector bundle E over a derived Artin stack
S, we denote by πE ∶ E → S the projection and 0E ∶ S → E the zero section.

Notation 0.8. For every E ∈ DVect(S), it will be convenient to denote the
quotient by the Gm-scaling action by:

○E ∶= [E/Gm]. (0.9)

Given a morphism of derived vector bundles φ ∶ E′ → E, we also write
○φ ∶ ○E′ → ○E for the induced morphism. We will also use the same notation
for Gm-invariant subsets of E, e.g. ○Gm,S = S. Note that points of ○E are
pairs (L,φ) where L is a line bundle and φ ∶ L→ E∨ is a morphism of derived
vector bundles.

If the weave D does not satisfy étale descent, we need the following:

Proposition 0.10. Let S be a derived stack and E ∈ DVect(S) a derived
vector bundle over S. If E is of amplitude ⩽ 0, then the projection πE ∶ E → S
is affine. If E is of amplitude ⩽ n, where n > 0, then πE is (n,Nis)-Artin.
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Proof. The proof is the same as that of n-Artinness which is well-known.
We recall it anyway for the reader’s convenience. Suppose E is of amplitude
⩽ n where n = 0 (resp. n > 0). It is enough to show that if S is affine, then
E is affine (resp. (n,Nis)-Artin). In the n = 0 case we have E = V(E) ≃

Spec(Sym(E)) since E is connective. Thus assume n > 0.

Choose a presentation of E as a chain complex of vector bundles and let
E⩾0 and E<0 denote the stupid truncations so that we have an exact triangle
E<0 → E → E⩾0, or in other words a homotopy cartesian square

E E⩾0

S E<0[1].

i

0

Since E<0[1] is of amplitude ⩽ 0 and hence affine, its zero section is a closed
immersion and thus so is i. Replacing E by E⩾0, we may therefore assume
that E is of amplitude [0, n]. There is a canonical morphism E → En[n]
whose cofibre E′ is of amplitude [0, n−1]. Thus we have a homotopy cartesian
square

E En[n]

S E′.0

By induction on n we may assume E′ is (Nis, n − 1)-Artin. It will then
suffice to show that En[n] is (Nis, n)-Artin for every n > 0 (because then
E is a fibred product of (Nis, n)-Artin stacks). In fact, the zero section
0 ∶ S ↠ En[n] is smooth and has a global section because S is affine and
En[n] is of amplitude > 0. Thus it is a (Nis, n)-Artin atlas for En[n]. �

Remark 0.11. In fact one can easily show: E is of amplitude ⩽ 0 if and only
if πE is affine, if and only if πE is representable, if and only if 0E is a closed
immersion. Similarly, E is of amplitude ⩾ 0 if and only if πE is smooth, if
and only if πE∨ is affine.

1. Definition and properties

1.1. Definition. Let S be a derived Artin stack and E ∈ DVect(S) a derived
vector bundle over S.

1.1.1. Kernel. Consider the homogeneous evaluation morphism

evE ∶
○E∨

×
S

○E → ○A1
S (1.1)

sending a pair

((L,φ ∶ L→ E∨
), (L′, ψ ∶ L′ → E))

to

(L⊗L′, L⊗L′
φ⊗ψ
ÐÐ→ E∨

⊗S E
ev
Ð→A1

S).
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We set

PE ∶= ev∗E
○j∗(1) ∈ D(

○E∨
×
S

○E) (1.2)

where j ∶ Gm,S → A1
S is the inclusion and ○j ∶ S = ○Gm,S ↪

○A1
S is scaling

quotient.

1.1.2. Transform. Let pr1 and pr2 denote the respective projections

○E∨ ×S
○E

○E∨ ○E

pr2pr1

The homogeneous Fourier transform on E is the functor

FTE ∶ DGm(E) →DGm(E∨
)

defined by

F ↦ pr1,!(pr∗2(F) ⊗PE)[−1]. (1.3)

1.2. Zero bundle. By abuse of notation, we denote the zero bundle VS(0) =
S by 0S ∈ DVect(S).

Proposition 1.4. Let o ∶ BGm,S → BGm,S be the involution L↦ L∨. There

are canonical isomorphisms FT0S ≃ o
∗ ≃ o∗ ≃ o! ≃ o

!.

See Subsect. 2.1.

1.3. Involutivity. In the most general case, our statement of involutivity is
up to twisting with a canonical ⊗-invertible object.

Lemma 1.5. Let E ∈ DVect(S). The object

LE ∶= πE,! FTE∨(1E∨) ≃ 0!
E FTE∨(1E∨) ∈ DGm(S) (1.6)

is ⊗-invertible.

See Subsect. 5.2.

Theorem 1.7. For every E ∈ DVect(S), there is a canonical isomorphism

(−) ⊗ π∗E(L
E
) → FTE∨ FTE(−) (1.8)

of functors DGm(E) →DGm(E).

See Sect. 5.

Notation 1.9. Let E ∈ DVect(S). Tensoring with LE defines an auto-
equivalence

(−){E} ∶= (−) ⊗LE of DGm(S).
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We denote its inverse by (−){−E} ∶= (−) ⊗LE,⊗−1. We also write (−){E} ∶=

(−) ⊗ f∗(LE) of DGm(X) where f ∶X → S is any derived Artin stack over
S with Gm-action. In this notation (1.8) reads:

(−){E} → FTE∨ FTE(−). (1.10)

Corollary 1.11. For every E ∈ DVect(S), the functor FTE∨(●){−E} deter-
mines a canonical inverse to FTE .

1.4. Base change.

Proposition 1.12. For every morphism f ∶ S′ → S, denote by fE ∶ E′ → E
and fE∨ ∶ E′∨ → E∨ its base changes. Then there are canonical isomorphisms

f∗E∨ ○ FTE ≃ FTE′ ○ f∗E , (BC∗)

fE∨,∗ ○ FTE′ ≃ FTE ○ fE,∗, (BC∗)

fE∨,! ○ FTE′ ≃ FTE ○ fE,! (BC!)

f !
E∨ ○ FTE ≃ FTE′ ○ f !

E . (BC!)

See Subsect. 2.2 and Sect. 6.

Lemma 1.13. Let E ∈ DVect(S). For every morphism f ∶ S′ → S, we have
a canonical isomorphism

f∗LE ≃ LE
′
. (1.14)

Moreover, if fE ∶ E′ → E denotes the base change, there are canonical
isomorphisms

f∗E((−){E}) ≃ f∗E(−){E
′
}, (1.15)

f !
E((−){E}) ≃ f !

E(−){E
′
}, (1.16)

fE,∗((−){E
′
}) ≃ fE,∗(−){E}, (1.17)

fE,!((−){E
′
}) ≃ fE,!(−){E}, (1.18)

and similarly for fE∨ ∶ E′∨ → E∨.

See Subsects. 2.4 and 6.6.

1.5. Functoriality.

Proposition 1.19. For every morphism of derived vector bundles φ ∶ E′ → E
over S, there are canonical isomorphisms

Ex∗,FT
∶ φ∨,∗ ○ FTE′ → FTE ○ φ! (Fun∗)

ExFT,!
∶ FTE′ ○ φ!

→ φ∨∗ ○ FTE (Fun∗)

Ex!,FT
∶ φ∨,! ○ FTE′{−E′

} → FTE{−E} ○ φ∗ (Fun!)

ExFT,∗
∶ FTE′{−E′

} ○ φ∗ → φ∨! ○ FTE{−E} (Fun!)

See Subsect. 2.3 and Sect. 6.
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Example 1.20. Let E ∈ DVect(S). Since the projection πE ∶ E → S and zero
section 0E ∶ S → E are dual to 0E∨ ∶ S → E∨ and πE∨ ∶ E∨ → S, respectively,
we get canonical isomorphisms

FT0S ○ πE,! ≃ 0∗E∨ ○ FTE (1.21)

FTE ○ 0E,! ≃ π
∗
E∨ ○ FT0S . (1.22)

1.6. Outline of proof: support and cosupport properties. We will see
that the proof of involutivity (Theorem 1.7) eventually boils down to what

we call the “cosupport property” for the object FTE∨(1E∨) ∈ DGm(E).

When E is of amplitude ⩽ 0, the object FTE∨(1E∨) is supported on the zero
section (which is a closed immersion):

Proposition 1.23 (Support property). Let E ∈ DVect(S). If E is of ampli-
tude ⩽ 0, then we have:

(i) There is a canonical isomorphism

0∗E FTE∨(1) ≃ 1S⟨−E
∨
⟩. (1.24)

(ii) The canonical morphism

FTE∨(1)
unit
ÐÐ→ 0E,∗0∗E FTE∨(1) ≃ 0E,∗(1S)⟨−E

∨
⟩ (1.25)

is invertible.

In particular, there is a canonical isomorphism

1S{E} ≃ 0∗E FTE∨(1) ≃ 1S⟨−E
∨
⟩. (1.26)

See Subsect. 4.1. In general the zero section 0E is not a closed immersion, so
that 0E,! does not agree with 0E,∗. Nevertheless, the following dual version
of Proposition 1.23 holds for E of arbitrary amplitude:

Proposition 1.27 (Cosupport property). For every E ∈ DVect(S), the

object FTE∨(1E∨) ∈ DGm(E) lies in the essential image of the fully faithful
functor 0E,!. Equivalently, the canonical morphism

0E,!(1S{E}) ≃ 0E,!0
!
E(FTE∨(1E∨))

counit
ÐÐÐ→ FTE∨(1E∨) (1.28)

is invertible.

See Subsect. 5.1. Involutivity will then follow from:

Lemma 1.29. Let E ∈ DVect(S). If E satisfies the cosupport property, then
there is a canonical isomorphism

(−){E} → FTE∨ FTE(−).

See Sect. 3.



THE DERIVED HOMOGENEOUS FOURIER TRANSFORM 11

1.7. Identification of the twist. We do not know whether the twist
LE ≃ 1S{E} can be identified with the Thom twist 1S⟨−E

∨⟩ in general. If
E admits a global presentation as a chain complex of vector bundles, one
can with some care build such an isomorphism from the vector bundle case.
To glue together these local isomorphisms (choosing presentations locally on
S) we would need to show they are compatible up to coherent homotopy.
Assuming the existence of a suitable t-structure this question reduced to the
heart, where we just need to check a cocycle condition. This line of argument
leads to a proof of the following statement.

Proposition 1.30. Suppose that the weave D admits an orientation and a
t-structure in which the unit is discrete, i.e., 1S ∈ D(S)♡ for all derived Artin
stacks S. Then for every E ∈ DVect(S) there exists a canonical isomorphism

LE ≃ 1S{E} ≃ 1S⟨−r⟩ (1.31)

where r = rk(E).

The gluing is more subtle than we have suggested. This is due to the fact
that if E is a vector bundle, the isomorphisms (1.26) for E and E∨ only agree
up to a sign. This sign needs to be taken into account into constructing the
isomorphism (1.31) even in the presence of a global resolution. In particular,
when E is of amplitude ⩽ 0, the isomorphism of (1.31) only agrees with that
of (1.26) up to a sign in general. We will give the details in a future revision
(see also [KK, Lem. 2.20]).

1.8. Fourier isomorphism in Borel–Moore homology. For simplicity we
assume the weave D is oriented and admits a t-structure as in Proposition 1.30.
Given E ∈ DVect(S), which we regard as usual with the weight 1 scaling
Gm-action, we write E◇ to denote the same derived vector bundle but with
Gm-action by weight −1 scaling.

Theorem 1.32. Let S be a derived Artin stack. For every derived vector
bundle E ∈ DVect(S) of rank r, there is a canonical isomorphism

πE,∗π
!
E(−) ≃ πE∨[−1]◇,∗π

!
E∨[−1]◇(−)⟨r⟩

of functors DGm(S) →DGm(S).

Proof. By base change for the homotopy cartesian square

E S

S E[1],

πE

πE 0E[1]
0E[1]

we have a canonical isomorphism

πE,∗π
!
E(−) ≃ 0!

E[1]0E[1],∗(−).
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By (Fun∗), (Fun!), and Proposition 1.30 we have

FT0S 0!
E[1]0E[1],∗(−) ≃ πE∨[−1],∗ FTE[1] 0E[1],∗(−)

≃ πE∨[−1],∗π
!
E∨[−1] FT0S(−){E[1]}

≃ πE∨[−1],∗π
!
E∨[−1] FT0S(−)⟨r⟩.

Recall that FT0S ≃ o
! ≃ o∗ where o ∶ BGm,S → BGm,S is as in Proposition 1.4.

We conclude that

πE,∗π
!
E(−) ≃ o∗πE∨[−1],∗π

!
E∨[−1]o

!
≃ πE∨[−1]◇,∗π

!
E∨[−1]◇

as claimed. �

We can interpret this in Borel–Moore homology as follows. Fix a base
commutative ring k. For a derived Artin stack X with Gm-action, locally
of finite type over k, we define the complex of Gm-equivariant Borel–Moore
chains on X by

CBM,Gm
● (X) ∶= CBM

● ([X/Gm]/BGm
) ∶= RΓ(BGm,

○a∗
○a!

(1))

where a ∶ X → Spec(k) is the projection and ○a ∶ [X/Gm] → BGm ∶=

[Spec(k)/Gm] is the induced morphism.

Corollary 1.33. In the situation of Theorem 1.32, there is a canonical
isomorphism

CBM,Gm
● (E) ≃ CBM,Gm

● (E∨
[−1])⟨r⟩.

Proof. It only remains to observe that o induces an isomorphism

CBM,Gm
● (E) ≃ CBM,Gm

● (E◇
)

for every E ∈ DVect(S). �

Example 1.34. Let F1 and F2 be vector subbundles of a vector bundle
V over a scheme S. If E ∶= F1 ×

R
V F2 ∈ DVect(S) then E∨[−1] ≃ F ⊥1 ×

R
V ∨ F ⊥2 .

Indeed, we have the commutative diagram of homotopy cartesian squares

F ⊥1 ×
R
V ∨ F ⊥2 F ⊥2 S

F ⊥1 V ∨ F∨
2

S F∨
1 E∨.

0

0

In this case, Corollary 1.33 recovers Kashiwara’s Fourier isomorphism (see
[EM], [MR2, §1.4]):

CBM,Gm
● (F1

R
×
V
F2) ≃ CBM,Gm

● (F ⊥1
R
×
V ∨ F

⊥
2 )⟨r⟩

where r = rk(E) = rk(F1) + rk(F2) − rk(V ).
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Remark 1.35. Let X be a derived Artin stack, locally homotopically of
finite presentation over k. The Fourier isomorphism for the 1-shifted tangent
bundle reads:

HBM,Gm

0 (TX[1]) ≃ HBM,Gm

2vd (T ∗X[−2]) (1.36)

where vd is the virtual dimension of X and we omit the Tate twist for
simplicity. Via deformation to the derived normal bundle NX/Spec(k) ≃ TX[1]
(cf. [Kha1, §3], [AKLPR, §2.1]) one has a canonical Gm-equivariant Borel–
Moore class on TX[1] (which roughly speaking is the cycle class of the
intrinsic normal cone). This corresponds under (1.36) to an element

[X]
vir

∈ HBM,Gm

2vd (T ∗X[−2]), (1.37)

which we may regard as a “generalized” virtual fundamental class; when X

is quasi-smooth we have HBM,Gm

2vd (T ∗X[−2]) ≃ HBM
2vd(X) and (1.37) recovers

the usual virtual fundamental class [Kha1]. The existence of such a class,
living on a natural bundle over X and of the expected dimension, can be
regarded as confirmation of an expectation stated by Ciocan-Fontantine and
Kapranov in the introduction of [CK]. If we work over k = C and X is 1-Artin
with cotangent complex of amplitude [−1,2] (homologically graded), then
by Borisov–Joyce and Oh–Thomas [BJ, OT] there is another canonical class

in HBM,Gm

2vd (T ∗X[−2]) constructed using the (−2)-shifted symplectic structure

on T ∗X[−2], and the two should coincide.1

2. Easy proofs

2.1. Zero bundle. We prove Proposition 1.4.

The evaluation map ev0S ∶ [0
∨
S/Gm] × [0S/Gm] → [A1

S/Gm] factors as the
composite

BGm,S ×BGm,S
m
Ð→ BGm,S

○i
Ð→ [A1

S/Gm,S]

where the first map m is (L,L′) ↦ L ⊗ L′ and i is the zero section. By
localization, one computes i∗j∗(1) ≃ q!(1)[1], where q ∶ S → BGm,S . Note
that we have a cartesian square

BGm,S S

BGm,S ×BGm,S BGm,S

(id,o) q

m

where the left-hand vertical map is L↦ (L,L∨). Thus the kernel of FT0 is

P0 = ev∗0Sj∗(1) ≃m
∗q!(1)[1] ≃ (id, o)!(1)[1]

and FT0 itself is given by

FT0(F) ≃ pr1,!(pr∗2(F) ⊗ (id, o)!(1))[1][−1]

≃ pr1,!(id, o)!(id, o)
∗pr∗2(F)

≃ o∗(F)

by the projection formula.

1Thanks to Tasuki Kinjo for helpful discussions about this.
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For the remaining isomorphisms, note that o is finite étale so that o∗ ≃ o!

and o∗ ≃ o!. Since o is an involution, we also have o∗o∗ ≃ id, hence o∗ ≃ o∗
and o! ≃ o

!.

2.2. Base change, part 1. Let the notation be as in Proposition 1.12.

The base change property for ○j∗(1) (Proposition B.1) implies that there is
a canonical isomorphism

f∗E∨ ×S E(PE) ≃ PE′ (2.1)

where fE∨ ×S E ∶ E′∨ ×S′ E
′ → E∨ ×S E is the base change of f . The isomor-

phisms (BC∗) and (BC!) follow immediately using the base change and
projection formulas.

The proofs of the remaining two isomorphisms will be done after proving
involutivity.

2.3. Functoriality, part 1. We prove the isomorphism (Fun∗) of Proposi-
tion 1.19.

Let φ ∶ E′ → E be a morphism of derived vector bundles. We have the
commutative square

○E∨ × ○E′ ○E∨ × ○E

○E′∨ × ○E′ ○A1

id×φ

φ∨×id evE

evE′

whence a canonical isomorphism

(id × φ)∗P∗E ≃ (φ∨ × id)∗(PE′).

We use the following commutative diagram, where all squares are cartesian.

○E′ × ○E′

○E∨ × ○E′ ○E′∨ × ○E

○E′ ○E∨ × ○E ○E′∨

○E ○E∨

φ∨×id id×f
pr2 pr1

pr2 id×f φ∨×id pr1

φ pr2 pr1 φ∨

By the base change and projection formulas we have:

FTE φ!(F)[1] ≃ pr1,!(pr∗2(φ!F) ⊗PE)

≃ pr1,!((id × φ)!(pr∗2F) ⊗PE)

≃ pr1,!(id × φ)!(pr∗2F ⊗ (id × φ)∗(PE))

≃ pr1,!(pr∗2F ⊗ (φ∨ × id)∗(PE′))
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Similarly we have:

φ∨,∗ FTE′(F)[1] ≃ φ∨,∗pr1,!(pr∗2(F) ⊗PE′)

≃ pr1,!(id × φ)!(φ
∨
× id)∗(pr∗2(F) ⊗PE′)

≃ pr1,!(φ
∨
× id)∗(pr∗2(F) ⊗PE′)

≃ pr1,!(pr∗2(F) ⊗ (φ∨ × id)∗PE′).

The claim follows.

2.4. Base change for the twist, part 1. Given a morphism f ∶ S′ → S
and E′ ∶= E ×S S

′ ∈ DVect(S′), we show the isomorphisms

f∗LE ≃ LE
′

and

f∗E((−){E}) ≃ f∗E(−){E
′
}, fE,!(−){E} ≃ fE,!((−){E

′
}).

of Lemma 1.13. The remaining parts of these statements will be proven in
Subsect. 6.6.

By (BC∗) we have:

f∗LE = f∗πE,! FTE∨(1)

≃ πE′,!f
∗
E∨ FTE∨(1)

≃ πE′,! FTE′∨(1)

= LE
′
.

From f∗LE ≃ LE
′

we now deduce

f∗E((−){E}) = f∗E(− ⊗ π
∗
E(L

E
))

≃ f∗E(−) ⊗ f
∗
Eπ

∗
E(L

E
)

≃ f∗E(−) ⊗ π
∗
E′f∗(LE)

≃ f∗E(−) ⊗ π
∗
E′(LE

′
)

= f∗E(−){E
′
}.

Similarly, using the projection formula:

fE,!(−){E} = fE,!(−) ⊗ π
∗
E(L

E
)

≃ fE,!(− ⊗ f
∗
Eπ

∗
E(L

E
))

≃ fE,!(− ⊗ π
∗
E′f∗(LE))

≃ fE,!(− ⊗ π
∗
E′(LE

′
))

= fE,!((−){E
′
}).

3. Proof of involutivity assuming cosupport

In this section we prove Lemma 1.29.
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3.1. Kernel of the square. Consider the following commutative diagram:

○E ×S
○E

○E ×S
○E∨ ×S

○E

○E ×S
○E∨ ○E∨ ×S

○E

○E ○E∨ ○E

pr1 pr2 pr1 pr2

pr12 pr23

pr13

pr1 pr2

A straightforward application of base change and projection formulas yields
an identification

FTE∨ ○ FTE(−) ≃ pr1,!(pr∗2(−) ⊗P′′)[−2] (3.1)

where
P′′ ∶= pr13,!(pr∗12(PE∨) ⊗ pr∗23(PE)) ∈ D(

○E ×
S

○E).

Consider the Gm-action scaling both coordinates of E ×S E. The two pro-
jections pr1,pr2 ∶ E ×S E → E are Gm-equivariant. We let c ∶ ○(E ×S E) →
○E ×S

○E denote the induced morphism (○pr1,
○pr2). We denote by e ∶

E ×S E → E the “difference” morphism, given informally by (x, y) ↦ x − y;
this is also Gm-equivariant.

Lemma 3.2. For any E ∈ DVect(S), there is a canonical isomorphism

P′′ ≃ c!
○e∗ FTE∨(1)[2].

3.2. Proof of Lemma 3.2. Consider the morphism

ev′′ ∶ ○E ×
S

○E∨
×
S

○E → ○A1
S ×
S

○A1
S

given on points by

((L,x ∶ L→ E), (L′, φ ∶ L′ → E∨
), (L′′, y ∶ L′′ → E))

↦ ((L′⊗L,L′⊗L
φ⊗x
ÐÐ→ E∨

×
S
E

ev
Ð→A1

S), (L
′
⊗L′′, L′⊗L′′

φ⊗y
ÐÐ→ E∨

⊗E
ev
Ð→A1

S)).

We have commutative squares

○E ×S
○E∨ ×S

○E ○E ×S
○E∨

○A1
S ×S

○A1
S

○A1
S ,

pr23

ev′′ ev

pr1

○E ×S
○E∨ ×S

○E ○E ×S
○E∨

○A1
S ×S

○A1
S

○A1
S .

pr12

ev′′ ev′

pr2

This yields

P′′ ≃ pr13,!ev′′∗(○j∗(1) ⊠S
○j∗(1)) (3.3)

≃ pr13,!ev′′∗c!
○j∆,∗(1)[1] (3.4)

where the second isomorphism comes from Lemmas B.3 and B.7.
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Next observe that we have a commutative diagram

○S ○E ○E∨ ×S
○E ○A1

S
○Gm

○E ○(E ×S E) ○E∨ ×S
○(E ×S E) ○A2

S
○(A2 ∖∆)

○E ○E ×S
○E ○E ×S

○E∨ ×S
○E ○A1

S ×S
○A1

S

○0

◻ ◻

pr2 ev
○j

◻ ○e
○∆

○πE ○e

c ◻

pr2

id×○e

◻

○e

c

○j∆

∆ pr13 ev′′

(3.5)
where the indicated squares are homotopy cartesian. The notation is as
follows:

● The two projections pr1,pr2 ∶ E ×S E → E are Gm-equivariant. We let
c ∶ ○(E ×S E) → ○E ×S

○E denote the induced morphism (○pr1,
○pr2).

Similarly for c ∶ ○A2
S →

○A1
S ×S

○A1
S .

● ∆ is the diagonal of ○E and ○∆ is the quotient of the diagonal of E.
● e ∶ E ×S E → E is the “difference” morphism, given informally by

(x, y) ↦ x − y. Similarly for e ∶ A2 →A1.

We thus get

P′′ ≃ pr13,!ev′′∗c!
○j∆,∗e

∗
(1)[1]

≃ c!
○e∗pr2,!ev∗E

○j∗(1)[1]

by base change formulas.

Under the automorphism of ○E∨ ×S
○E which swaps the factors, the morphism

evE ∶ ○E∨ ×S
○E → ○A1

S is identified with evE∨ and the projection pr2 ∶
○E∨ ×S

○E → ○E is identified with pr1 ∶
○E ×S

○E∨ → ○E. Thus by definition

FTE∨(1) ≃ pr2,!ev∗E
○j∗(1)[−1].

Hence we conclude

P′′ ≃ c!
○e∗ FTE∨(1)[2].

as claimed.

3.3. Proof of Lemma 1.29. Since E satisfies the cosupport property, we
have the canonical isomorphism

0E,!(L
E
) ∶= 0E,!0

!
E FTE∨(1) → FTE∨(1).

Applying c!
○e∗ yields a canonical isomorphism

c!
○e∗0E,!(L

E
)[2] → c!

○e∗ FTE∨(1)[2] ≃ P′′.

By base change, using the diagram (3.5) again, we obtain a canonical iso-
morphism

∆!π
∗
E(L

E
)[2] → P′′.
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Finally plugging this into (3.1) yields

FTE∨ FTE(F) ≃ pr1,!(pr∗2(F) ⊗P′′)[−2]

≃ pr1,!(pr∗2(F) ⊗∆!π
∗
E(L

E
))

≃ pr1,!(∆!(∆
∗pr∗2(F) ⊗ π∗E(L

E
)))

≃ F ⊗ π∗E(L
E
)

where the second-to-last step is the projection formula.

4. Co/support and involutivity for E ⩽ 0

In this section we fix E ∈ DVect(S) of amplitude ⩽ 0. We prove the support
property for E (which implies the cosupport property too) and deduce the
optimal form of involutivity in this case.

4.1. Proof of Proposition 1.23.

4.1.1. Restriction to zero. We first compute the inverse image along ○0E ∶
○S → ○E:

○0∗E FTE∨(1) ≃ FT0S(
○πE∨,!(1)) ≃ FT0S(1⟨−E

∨
⟩) ≃ 1⟨−E∨

⟩,

using functoriality as well as the isomorphisms ○π!
E∨ ≃ ○π∗E∨⟨E∨⟩ (Poincaré

duality) and ○πE∨,!
○π!

E∨ ≃ id (homotopy invariance) for the morphism ○πE∨ ∶
○E∨ → ○S (smooth because E∨ is of amplitude ⩾ 0).

4.1.2. Support and cosupport properties. Since E is of amplitude ⩽ 0, 0E is
a closed immersion and 0E,∗ ≃ 0E,!. By localization, invertibility of either
(1.25) or (1.28) is equivalent to the assertion that FTE∨(1) is supported on
the image of ○0E ∶ ○S → ○E.

It will suffice to show that for every residue field v ∶ Spec(κ) → ○E that
factors through the complement of 0E , v∗ FTE∨(1) vanishes. Without loss
of generality, we may replace S by Spec(κ) and show that for every nowhere

zero section s of E → S, the inverse image along s′ ∶ S
s
Ð→ E ↠ ○E vanishes.

We have the following commutative diagram:

S ○E∨ ○A1
S

○E ○E∨ × ○E ○A1
S

aE∨

s′

○evs

id×s′

pr2 ev

where the left-hand square is cartesian. Here ○evs is the Gm-quotient of the
“evaluation at s” morphism evs ∶ E

∨ →A1
S , and aE∨ is the projection. Hence

we have

s′∗pr2,!ev∗ ≃ aE∨,!(id × s
′
)
∗ev∗ ≃ aE∨,!

○ev∗s . (4.1)

Since s is nowhere zero, evs is surjective and its fibre F = Fib(evs ∶ E
∨ →A1

S)

is of amplitude ⩾ 0. Since S is affine, it follows that evs admits a section,
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hence can be identified with the projection F ×S A1
S →A1

S . Using Poincaré
duality and homotopy invariance for the latter we have

aE∨,!
○ev∗s ≃ a!

○evs,!
○ev∗s

≃ a!
○evs,!

○ev!
s⟨−F ⟩

≃ a!⟨−F ⟩

where a ∶ ○A1
S → S is the projection. Combining with (4.1) we deduce

s′∗ FTE∨(1) ∶= s′∗pr2,!ev∗(○j∗(1)) ≃ a!
○j∗(1)⟨−F ⟩. (4.2)

Since a factors through ○p ∶ ○A1
S →

○S, and ○p!
○j∗ ≃ 0 (Proposition B.1), this

vanishes.

4.2. Proof of involutivity. At this point, combining Proposition 1.23 with
Lemma 1.29 yields the following form of involutivity:

Corollary 4.3 (Involutivity). Let E ∈ DVect(S) be of amplitude ⩽ 0. Then
there is a canonical isomorphism

(−)⟨−E∨
⟩ → FTE∨ FTE(−).

Proof. By Lemma 1.29, the cosupport property for E∨ yields the canonical
isomorphism

(−) ⊗ π∗E(L
E
) → FTE∨ FTE(−).

By Proposition 1.23(ii), we have the canonical isomorphism

LE ≃ πE,!0E,∗(1)⟨−E
∨
⟩ ≃ πE,!0E,!(1)⟨−E

∨
⟩ ≃ 1S⟨−E

∨
⟩.

�

5. Cosupport and involutivity for general E

Let E ∈ DVect(S) be an arbitrary derived vector bundle. We will now prove
Proposition 1.27, which implies involutivity (Theorem 1.7) by Lemma 1.29.
We will also show that the twist LE = 1{E} is ⊗-invertible in general
(Lemma 1.5).

5.1. Proof of Proposition 1.27. Let E ∈ DVect(S) and let us show that
the canonical morphism

counit ∶ 0E∨,!0
!
E∨ FTE(1E) → FTE(1E) (5.1)

is invertible. Equivalently, FTE(1E) lies in the essential image of the fully
faithful functor 0E∨,! (Corollary A.3).

Let f ∶ S′ → S be a smooth surjection and adopt the notation of Proposi-
tion 1.12. Applying f∗E∨ on the left to the morphism (5.1) yields, by the
base change formula Ex∗! ∶ f∗E∨0E∨,! ≃ 0E′∨,!f

∗, the exchange isomorphism

Ex∗! ∶ f∗0!
E∨ ≃ 0!

E′∨f∗E∨ , and (BC∗), a canonical morphism

0E′∨,!0
!
E′∨ FTE′/S′(1E′) → FTE′/S′(1E′) (5.2)
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which one easily checks is identified with the counit. Thus the claim is local
on S and we may assume that S is affine. In particular we may, by choosing
a presentation of E, write E as the fibre of a morphism d ∶ E+ → E− where
E+ is of amplitude ⩾ 0 and E− is of amplitude ⩽ 0 (e.g. d is the morphism

⋯ E1 E0 0

0 E−1 E−2 ⋯

(5.3)

where ⋯ → E1 → E0 → E−1 → ⋯ is some presentation of E). We have the
cartesian squares

E E+

S E−,

i

πE d

0E−

E∨
− E∨

+

S E∨

d∨

πE∨− i∨

0E∨

(5.4)

where i is a closed immersion (since E− is of amplitude ⩽ 0) and its dual i∨

is a smooth surjection (it is a torsor under E∨
−). We may thus check (5.1) is

invertible after applying i∨,∗ on the left; by base change and invertibility of
Ex∗! this reduces to show that the morphism

counit ∶ d∨! d
∨,! FTE+(i!1E) → FTE+(i!1E) (5.5)

is invertible. We claim that FTE+(i!1E) is in the essential image of d∨! .

Since unit ∶ 1 → d∨,!d∨! (1) is invertible (Corollary A.3), it will follow from
adjunction identities that (5.5) is invertible.

Using Ex∗,FT, Ex∗! , and the computation of FTE−(1) (Proposition 1.23, recall
E− is of amplitude ⩽ 0), we first compute:

FTE∨+(d
∨
! 1E∨−) ≃ d

∗ FTE−(1E−) (5.6)

≃ d∗0E∨− ,!(1E∨−)⟨−E
∨
−⟩ (5.7)

≃ i!(1E)⟨−E
∨
−⟩. (5.8)

Using involutivity for E∨
+ (Corollary 4.3), we deduce the (canonical) isomor-

phism

FTE+(i!1E) ≃ FTE+ FTE∨+(d
∨
! 1)⟨E∨

−⟩ ≃ d
∨
! (1)⟨E

∨
−⟩⟨−E+⟩. (5.9)

The claim follows.

5.2. Proof of Lemma 1.5. We prove that LE ∶= πE,! FTE∨(1) is ⊗-invertible.
This is equivalent to the assertion that the evaluation morphism

ev ∶ LE ⊗Hom(LE ,1S) → 1S (5.10)

is invertible. If f ∶ S′ → S is a smooth morphism, then we have the canonical
isomorphism

f∗Hom(LE ,1S) ≃ Hom(f∗LE , f∗1S′)

under which the ∗-inverse image of (5.10) is identified with

f∗LE ⊗Hom(f∗LE , f∗1S′) → 1S′ .
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Let E′ ∶= E ×S S
′ and let fE∨ ∶ E′∨ → E∨ be the base change of f . By

Subsect. 2.4 we have f∗LE ≃ LE
′
. This shows that the question of invertibility

of (5.10) is local on S. In particular, we may assume that E admits a
presentation so that there are cartesian squares

E E+

S E−,

i

πE d

0E−

E∨
− E∨

+

S E∨

d∨

πE∨− i∨

0E∨

(5.11)

where E+ is of amplitude ⩾ 0 and E− is of amplitude ⩽ 0, as above in (5.4).
For simplicity we may as well show the claim for E∨ instead, i.e., that
LE

∨
= πE∨,! FTE(1) is ⊗-invertible. After ∗-inverse image along the smooth

surjection πE∨− ∶ E
∨
− → S, we have:

π∗E∨−L
E∨

≃ π∗E∨−0!
E∨ FTE(1) (Corollary A.2)

≃ d∨,!i∨,∗ FTE(1) (Ex∗!)

≃ d∨,! FTE+(i!1) (Fun∗)

≃ d∨,!d∨! (1)⟨E
∨
−⟩⟨−E+⟩ (⋆)

≃ 1⟨E∨
−⟩⟨−E+⟩, (Corollary A.3)

where (⋆) is from the isomorphism FTE+(i!1) ≃ d
∨
! (1)⟨E

∨
−⟩⟨−E+⟩ (5.9). This

is ⊗-invertible, so we conclude.

6. Base change and functoriality, part 2

Using involutivity, we conclude the proofs of Propositions 1.12 and 1.19.
Specifically, we will use the fact that the functor

FTE∨(●){−E}

is inverse to FTE (Corollary 1.11).

6.1. Proof of (BC∗). Let the notation be as in Proposition 1.12. Recall
the isomorphism

f∗E((−){E}) ≃ f∗E(−){E
′
}

of Lemma 1.13, proven in Subsect. 2.4. Passing to right adjoints, we have:

fE,∗(−){−E} ≃ fE,∗((−){−E
′
}) (6.1)

Recall also the ∗-base change formula (BC∗)

f∗E∨ FTE ≃ FTE′ f∗E

proven in Subsect. 2.2. Passing to right adjoints yields

fE,∗(FTE′∨(−){−E′
}) ≃ FTE∨(fE∨,∗(−)){−E}.

Pulling out the twist using (6.1), we deduce

fE,∗(FTE′∨(−)) ≃ FTE∨(fE∨,∗(−)).
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Equivalently, replacing E by E∨ gives the formula

fE∨,∗(FTE′(−)) ≃ FTE(fE,∗(−)). (6.2)

6.2. Proof of (BC!). This follows from (BC!) exactly as above.

6.3. Proof of (Fun!). Passing to right adjoints from (Fun∗)

Ex∗,FT
∶ φ∨,∗ ○ FTE′ → FTE ○ φ!

yields the canonical isomorphism

φ!
○ FTE∨{−E∨

} → FTE′∨{−E′∨
} ○ φ∨∗. (6.3)

Equivalently, applying this to φ∨ in place of φ we get the canonical isomor-
phism

Ex!,FT
∶ φ∨,! ○ FTE′{−E′

} → FTE{−E} ○ φ∗. (6.4)

6.4. Proof of (Fun∗). Begin with the isomorphism (6.3) above. Applying
FTE′ on the left and FTE on the right, we get:

ExFT,!
∶ FTE′ ○ φ!

→ φ∨∗ ○ FTE .

6.5. Proof of (Fun!). Begin with the isomorphism (Fun∗):

Ex∗,FT
∶ φ∨,∗ ○ FTE′ → FTE ○ φ!.

Applying FTE′{−E} on the left and FTE{−E} on the right, we get:

ExFT,∗
∶ FTE′{−E′

} ○ φ∗ → φ∨! ○ FTE{−E}.

6.6. Proof of Lemma 1.13. Let f ∶ S′ → S be a morphism and E′ ∶=

E ×S S
′ ∈ DVect(S′). We prove the remaining isomorphisms of Lemma 1.13.

We already have the isomorphisms

f∗E((−){E}) ≃ f∗E(−){E
′
}, fE,!(−){E} ≃ fE,!((−){E

′
}) (6.5)

by Subsect. 2.4.

6.6.1. ∗-Push. The claim

fE,∗(−){E} ≃ fE,∗((−){E
′
})

which is equivalent by passage to left adjoints to

f∗E(−)⟨−E
′
⟩ ≃ f∗E((−){−E}).

Applying {−E′} to both sides, this is equivalent to

f∗E(−) ≃ f
∗
E((−){−E}){E}.

But this holds by (6.5).

6.6.2. !-Pull. This follows from the !-push version by the same argument as
above.
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Appendix A. The contraction lemma

The following is well-known in the case of a separated morphism of schemes.
Thanks to L. Mann and J. Scholbach for pointing out to me the much more
general statement in [DG, Thm. C.5.3] (and that the same argument works
for an arbitrary topological weave) which we restate below. (In the original
draft, we gave an argument just for the case of derived vector bundles.)

Proposition A.1 (Contraction lemma). Let p ∶ X → S be a morphism
of derived Artin stacks and s ∶ S → X a section. Suppose there is an
A1-homotopy A1 ×X →X between idX and s ○ p, so that the diagram

X

X ×A1 X

X

i0

s○p

i1
idX

commutes. Then the canonical morphisms

p∗
unit
ÐÐ→ p∗s∗s

∗
≃ s∗, s!

≃ p!s!s
! counit
ÐÐÐ→ p!

are invertible on Gm-equivariant sheaves.

Corollary A.2. For every derived Artin stack X and every derived vector
bundle E over X, the natural transformations

πE,∗
unit
ÐÐ→ πE,∗0E,∗0∗E ≃ 0∗E

0!
E ≃ πE,!0E,!0

!
E

counit
ÐÐÐ→ πE,!

are invertible on Gm-equivariant sheaves. In particular, the functors π∗E , π!
E ,

0E,∗, and 0E,! are all fully faithful on Gm-equivariant sheaves.

Proof. The first claim is a special case of Proposition A.1. For every F ∈

DGm(X) there is a commutative diagram

F πE,∗π
∗
E(F)

0∗Eπ
∗
E(F)

unitπE

unit0E

where the vertical arrow is invertible by the first claim. This shows that
unit ∶ id→ πE,∗π

∗
E is invertible on Gm-equivariant sheaves. Similarly, on Gm-

equivariant sheaves, the counit πE,!π
!
E → id is identified with the tautological

isomorphism 0!π! ≃ id; the counit 0∗E0E,∗ → id is identified with πE,∗0E,∗ ≃ id;

and the unit id→ 0!
E0E,! is identified with id ≃ πE,!0E,!. �
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Corollary A.3. Let E ∈ DVect(S). For any cartesian square

X0 X

S E

i

f0 f

0E

where f is smooth, the unit 1X → i!i!(1X) is invertible.

Proof. Apply f∗0 on the left to the isomorphism unit ∶ id → 0!
E0E,! (Corol-

lary A.2). Under the isomorphisms Ex∗! and Ex∗! (the latter since f is

smooth), the result is identified with unit ∶ f∗0 → i!i!f
∗
0 . �

Appendix B. Computations on ○A1 and ○A1 × ○A1

We lift some simple computations from [Lau] (namely, Lemmas 1.4, 3.2, 3.3,
and 3.4 of op. cit.) to the generality of topological weaves.

B.1. The sheaf ○j∗(1). We adopt the following notation:

S A1
S Gm,S

S

i j

p
q

where i is the zero section and j is its complement. We consider the Gm-
scaling quotient of this whole diagram, writing the resulting morphisms as
○i ∶ ○S → ○A1

S , etc.

We record some basic observations about the sheaf j∗(1) ∈ DGm(A1
S), or

more precisely
○j∗(1) ∈ D(

○A1
S)

where ○j ∶ S = ○Gm,S ↪
○A1

S .

Proposition B.1.

(i) Constructibility. The sheaf ○j∗(1) is constructible.

(ii) Base change. For any morphism f ∶ S′ → S, let j′ ∶ S′ = ○Gm,S′ ↪
○A1

S′ denote the base change of j along f ′ ∶ ○A1
S′ →

○A1
S . Then the

canonical morphism

Ex∗∗ ∶ f
′∗○j∗(1) → j′∗(1)

is invertible.

(iii) There is an exact triangle

○j! →
○j∗ → (

○i ○ ○q)![1],

and we have ○p!
○j∗ ≃ 0 in D(○S).
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(iv) There is a canonical isomorphism
○j∗(1) ≃ u!j1,∗(1)[1]

in D(○A1), where j1 ∶ A
1 ∖ {1} →A1 is the complement of the unit

section and u ∶ A1
S ↠

○A1
S is the quotient morphism.

Proof. We have the localization triangle

○j! ≃
○j!

○j∗○j∗
counit
ÐÐÐ→

○j∗
unit
ÐÐ→

○i∗
○i∗○j∗. (B.2)

Applying ○p! yields

○q! →
○p!

○j∗
unit
ÐÐ→

○p!
○i∗

○i∗○j∗ ≃
○i∗○j∗.

We have ○p!
○j∗ ≃

○i!○j∗ ≃ 0 by the contraction lemma (Proposition A.1) and
base change formula. We deduce a canonical isomorphism

○i∗○j∗ ≃
○q![1].

In particular, we can rewrite (B.2) as an exact triangle
○j! →

○j∗ →
○i∗

○q![1] ≃
○i!

○q![1].

Since ○j!,
○i∗ = ○i!, and ○q! preserve constructible objects, it follows that

○j! preserves constructible objects. Similarly, the base change formulas
for ○j!,

○i!, and ○q! yield the claimed base change formulas for ○j∗(1) (we
omit verification of commutativity of some diagrams, expressing e.g. the
compatibility of Ex∗∗ ∶ f

′∗○j∗(1) → j′∗(1) and Ex∗! ∶ j
′
!(1) → f ′∗○j!(1)).

For the final claim (iv), we begin by observing the canonical isomorphism

j∗u!j1,∗(1) ≃ 1[−1]

using the base change formula j∗u! ≃ q!j
∗ for the square

Gm,S A1
S

S = ○Gm,S
○A1

S

j

q u

○j

and the observation that

q!j
∗j1,∗(1) ≃ 1[−1]

which is a straightforward computation using the base change formula and
localization.

It will then suffice to show that the unit morphism

u!j1,∗(1) →
○j∗

○j∗(u!j1,∗(1)) ≃
○j∗(1)

is invertible. By localization, this is equivalent to showing that ○i!(u!j1,∗(1)) ≃
0. By the contraction lemma (Proposition A.1), we have

○i!(u!j1,∗(1)) ≃
○p!u!j1,∗(1) ≃

○q!p!j1,∗(1) = 0

since p!j1,∗(1) = 0 ∈ D(S) by a straightforward localization argument. �

B.2. The square of ○j∗(1).
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B.2.1. Künneth formula.

Lemma B.3. There is a canonical isomorphism

○j∗(1) ⊠S
○j∗(1) ≃ (

○j ×
S

○j)∗(1)

in D(○A1
S ×S

○A1
S).

Proof. Consider the commutative diagram

○Gm,S
○Gm,S ×S

○Gm,S
○Gm,S

○A1
S

○A1
S ×S

○A1
S

○A1
S

pr1

○j

pr2

h ○j

pr1 pr2

where h ∶= ○j ×S
○j. There is a canonical morphism ○j∗(1)⊠S

○j∗(1) → h∗(1),
see e.g. [JY, 2.1.19], which fits in a commutative diagram

○j!(1) ⊠
○j!(1)

○j∗(1) ⊠
○j∗(1)

h!(1) h∗(1)

α

β

where the left-hand vertical arrow is the Künneth isomorphism for !-direct
image, see e.g. [JY, Lem. 2.2.3], and the horizontal arrows are induced by
the “forget supports” transformations for j and h. If K and L denote the
cofibres of α and β, respectively, it will suffice to show that the induced
morphism K→ L is invertible.

The morphism α factors as the composite

○j!(1) ⊠
○j!(1)

α1
Ð→

○j∗(1) ⊠
○j!(1)

α2
Ð→

○j∗(1) ⊠
○j∗(1).

Computing the cofibres of α1 and α2 using Proposition B.1(iii), we get an
exact triangle

(
○i ○ ○q)!(1) ⊠

○j!(1) →K→ ○j∗(1) ⊠ (
○i ○ ○q)!(1). (B.4)

Similarly, since h = (id × ○j) ○ (○j × id), β factors as the composite

(id × ○j)!(
○j × id)!(1)

β1
Ð→ (id × ○j)!(

○j × id)∗(1)
β2
Ð→ (id × ○j)∗(

○j × id)∗(1).

Computing the cofibres of β1 and β2 using Proposition B.1(iii) (taking S to
be ○Gm,S), we get the exact triangle

(id × ○j)!(
○i ○ ○q × id)!(1) → L→ (id × ○i ○ ○q)!(

○j × id)∗(1). (B.5)

The exact triangles (B.4) and (B.5) fit into a commutative diagram

(○i ○ ○q)!(1) ⊠
○j!(1) K ○j∗(1) ⊠ (○i ○ ○q)!(1)

(id × ○j)!(
○i ○ ○q × id)!(1) L (id × ○i ○ ○q)!(

○j × id)∗(1).
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The left-hand vertical arrow is the Künneth isomorphism for !-direct image,
see e.g. [JY, Lem. 2.2.3]. The right-hand vertical arrow is the isomorphism

○j∗(1) ⊠ (
○i ○ ○q)!(1) ≃ (

○j × id)∗(1) ⊗ (id × ○i ○ ○q)!(1)

≃ (id × ○i ○ ○q)!(id ×
○i ○ ○q)∗(○j × id)∗(1)

≃ (id × ○i ○ ○q)!(
○j × id)∗(1)

coming from the base change and projection formulas. The last isomorphism
comes from the base change formula of Proposition B.1, which we apply by
taking S to be ○A1

S , S′ to be ○Gm,S , and f = ○i ○ ○q.

This shows that K→ L is an isomorphism, as desired. �

Remark B.6. When (i) S is locally noetherian, (ii) S is defined over a base
field k which either admits resolution of singularities or whose characteristic
is inverted in the weave D, and (iii) D is continuous and constructibly
generated, then Lemma B.3 can alternatively be deduced as follows. Indeed,
by assumptions (i) and (iii), [Kha2, Prop. 3.13] says that it is enough to show
the canonical morphism is invertible after ∗-inverse image to every residue
field of S. As ○j∗(1) is stable under base change in S (Proposition B.1), we
may thus assume that S is the spectrum of a field. In that case, the claim is
a special case of the Künneth formula of [JY, Prop. 2.1.20], proven under
assumption (ii).

B.2.2. Consider the morphism

c = (
○pr1,

○pr2) ∶
○A2

S →
○A1

S ×
S

○A1
S

induced by the projections A2 → A1 (which are Gm-equivariant), which
exhibits ○A1

S ×S
○A1

S as the quotient of ○A2
S by the action λ ⋅ (x, y) = (x,λ ⋅y).

Let ∆ ⊂ A2
S denote the diagonal, i∆ ∶ ∆ ↪ A2

S the inclusion, and j∆ the
complement.

Lemma B.7. There is a canonical isomorphism

(
○j × ○j)∗(1) ≃ c!

○j∆,∗(1)[1]

Remark B.8. Let e ∶ A2
S → A1

S denote the “difference” morphism, given
informally by (x, y) ↦ x − y. By smooth base change for the square

○(A2
S ∖∆) ○A2

S

○Gm,S
○A1

S

○j∆

○e ○e
○j

we can write ○e∗○j∗(1) ≃
○j∆,∗(1) and hence also

(
○j × ○j)∗(1) ≃ c!

○e∗○j∗(1)[1]. (B.9)
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Proof of Lemma B.7. Consider the commutative diagram

Gm,S ×S Gm,S A2
S ∖ {0}S A2

S S

{1}S ×S Gm,S
○(A2

S ∖ {0}S)
○A2

S
○S

S U ○A1
S ×S

○A1
S

○S ×S
○S

j2 i2

○j2

c

○i2

d

ja jb ib

where the bottom row is the quotient of the middle one by the Gm-action
which scales the second coordinate (with weight 1). In the two left-hand
columns, the horizontal rows are factorizations of j × j, ○(j × j), and ○j ×
○j, respectively. In the two right-hand columns, the horizontal rows are
complementary open/closed immersions.

Set

F ∶= c!
○j∆,∗(1) ∈ D(

○A1
S ×
S

○A1
S).

We claim there are isomorphisms:

(a) i!b(F) ≃ 0,

(b) j∗b (F) ≃ ja,∗(1)[−1].

By localization it will follow that the unit

unit ∶ F → jb,∗j
∗
b (F) ≃ jb,∗ja,∗(1)[−1] ≃ (j × j)∗(1)[−1]

is invertible, as claimed.

Proof of (a). Since ○i2 is the zero section of the vector bundle ○p2 ∶ ○A2
S →

○S
(where p2 ∶ A2

S → S is the projection), the contraction lemma (Proposi-
tion A.1) yields an isomorphism

○i2,! ≃ ○p2
0,!

and similarly

i!b ≃ (
○p × ○p)!.

We get

i!bc!
○j∆,∗ ≃ (

○p × ○p)!c!
○j∆,∗

≃ d!
○p2

0,!
○j∆,∗

≃ d!
○i2,! ○j∆,∗

where d is the diagonal of ○S as in the diagram above. But ○i2,!○j∆,∗ ≃ 0 by
base change (as 0 ∈ A2 is contained in ∆).
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Proof of (b). Consider the diagram of cartesian squares

Gm ∖ {1} ○(Gm ×Gm ∖∆) ○(A1 ×Gm ∖∆) A1 ∖ {1} ○(A2 ∖∆)

Gm
○(Gm ×Gm) ○(A1 ×Gm) A1 ○A2

S ○Gm
○A1 ○A1 ○A1 × ○A1

j′1 j1 ○j∆

q f c

where we omit the subscripts S for simplicity. By base change we get

(
○j × ○j)∗c!

○j∆,∗(1) ≃ q0,!j
′
1,∗(1) ≃ 1[−1]

where the second isomorphism follows easily from localization.

Since ○j × ○j = jb ○ ja this isomorphism gives by adjunction a morphism

j∗b (F) → ja,∗(1)[−1]

in D(U) which we claim is invertible. Write U as the union of the two opens
[○(A1 ×Gm)/Gm] and [○(Gm ×A1)/Gm], where [−/Gm] is the quotient by
the scaling action on the second coordinate. Over either open this morphism
restricts to the isomorphism

u!j1,∗(1) ≃
○j∗(1)[−1]

constructed in Proposition B.1. �
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