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ABSTRACT. We study a derived version of Laumon’s homogeneous
Fourier transform, which exchanges G,,-equivariant sheaves on a derived
vector bundle and its dual. In this context, the Fourier transform exhibits
a duality between derived and stacky phenomena. This is the first in a
series of papers on derived microlocal sheaf theory.
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INTRODUCTION

Let E be a vector bundle over a scheme S. Laumon [Lau] introduced a
geometric Fourier transform

D" (E;Q,) » D" (EY;Qy)

on homogeneous (= G,,-equivariant) bounded constructible derived cate-
gories of f-adic sheaves. It can be regarded as a uniform version of the ¢-adic
Fourier transform of Deligne (for base fields of characteristic p > 0) and the
D-module Fourier transform of Brylinski-Malgrange—Verdier (for base fields
of characteristic 0).

In this paper we describe an extension of this construction from vector
bundles to derived vector bundles, i.e., total spaces of perfect complexes.
The total space of a perfect complex exists naturally as a derived Artin
stack, which can exhibit both derived and stacky behaviour depending on the
amplitude of the complex. For a complex of vector bundles concentrated in
nonpositive degrees, its realization as a derived vector bundle is non-stacky
but singular and derived; for a complex in nonnegative degrees it is smooth
and underived but stacky.

derived stacky

-2 -1 0 1 2

A
+

So, in this context, the Fourier transform manifests a duality between derived
and stacky phenomena. What we will see is that, perhaps surprisingly, the
fundamental properties of the homogeneous Fourier transform persist to the
derived setting. Most importantly, we have the involutivity property: for
every derived vector bundle E there is a canonical isomorphism

FTEV OFTE ~id (01)
up to a twist.

For classical vector bundles, the proof of involutivity rests on the computation

FTpv(Qe) = 0p,.(Qe)(-r)[-2r] (0.2)

where Op : S = F is the zero section and r = rk(E); in particular, the Fourier
transform of the constant sheaf is supported on the zero section. For an
arbitrary derived vector bundle F/, where Og need not be a closed immersion
(unless E is of nonpositive amplitude), the functors Og . and Og, give two
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possible generalizations of this. It turns out that the version that is both
correct and relevant is the !-version: the canonical morphism

05,105(FTrv(Qr)) » FTpv(Qp)

is always invertible, regardless of the amplitude of . We call this the
cosupport property; it is the key technical insight in this paper, from which
involutivity and all other desired properties of FTg follow.

Along the way we will also show that the homogeneous Fourier transform is
well-behaved in the context of any reasonable six functor formalism. More
precisely, we will work in the generality of any topological weave [Kha2].
This includes classical six functor formalisms such as the derived co-category
of sheaves of abelian groups (over C) or the derived oco-category of ¢-adic
sheaves (over a base on which £ is invertible), but also various motivic co-
categories: Voevodsky motives, MGL-modules, or motivic spectra (not even
orientability is required).

One consequence of derived Fourier duality is the existence of a canonical
isomorphism in G,,-equivariant Borel-Moore homology
HM G (B) ~ BP9 (BY[-1]) (0.3)

*=271

for every derived vector bundle £ — S of rank r (see Corollary 1.33). This
generalizes Kashiwara’s Fourier isomorphism (Example 1.34). Following
[MR2], one expects that (when S is a quasi-smooth derived scheme and E is
of amplitude [-1,0]) this is a decategorification of the linear Koszul duality
equivalence between the stable co-categories of G,,-equivariant ind-coherent
sheaves on E and EV[-1] (see [MR1], [Tod, §4.6]).

The derived Fourier transform was conceived in late 2019, as part of a
program on derived microlocal sheaf theory, and first announced in a talk at
Kavli IPMU in February 2020. The first version of this paper was written in
January 2021, but the current proof using the cosupport property (whence
the path to generalizing beyond the case discussed in Proposition 1.30) was
only discovered recently. The argument using the cosupport property can also
be applied to other sheaf-theoretic Fourier transforms, such as the version
for monodromic sheaves in [Wan]. A derived version of Deligne’s original
¢-adic Fourier transform is recently considered in [FYZ]; our arguments give
a simpler proof in that context as well. They also apply to the derived version
of the Fourier—Sato transform [KS|, which we consider in forthcoming joint
work with T. Kinjo [KK].

0.1. Outline. We begin in Sect. 1 by defining the homogeneous Fourier
transform for derived vector bundles and stating our results about it. In
Sect. 2 we prove the easier properties that are independent of involutivity.
Sections 3, 4, and 5 achieve the proof of involutivity through the cosupport
property. Finally the remaining properties of the Fourier transform are
derived from involutivity in Sect. 6. Appendix A recalls the contraction
lemma and its consequences in our context. In Appendix B we redo some
straightforward computations from [Lau] that don’t involve derived vector
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bundles, adapting the arguments from op. cit. to the generality we work in
here.
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0.3. Conventions and notation.

0.3.1. Sheaves. Throughout the paper we fix a topological weave, which is an
axiomatization of a sheaf theory with the six functor formalism introduced in
[Kha2]. Roughly speaking this is a six-functor formalism with the following
properties:

(a) Localization: The oo-category D(@) is zero. For any derived Artin stack
X and any closed-open decomposition i: Z - X, j: X N\ Z - X, there
is a canonical exact triangle of functors

J17° = id = 0,37, (0.4)

(b) Homotopy invariance: For any derived Artin stack X and vector bundle
m: FE - X, the unit morphism id - 7, 7* is invertible.

Note that localization implies derived invariance: for a derived Artin stack
X, the inclusion of the classical truncation X. — X induces an equivalence
D(X) ~ D(X.)) which commutes with each of the six functors. We also have
Poincaré duality, which for a topological weave gives a canonical isomorphism

F1(=) = £ (=)(Ty) (0.5)

for f any smooth morphism with relative tangent bundle f. If D admits
an orientation (as in the first five examples below), we may identify (7'f) ~
(d) == (d)[2d] where d is the relative dimension of f.

On (derived) schemes, examples of weaves are as follows:

(a) Betti sheaves (over C): The assignment X — D(X) sending X to the
derived oo-category D(X(C),Z) of sheaves of abelian groups on the
topological space X (C).
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(b) Etale sheaves (finite coefficients, over k with n € k*): The assignment
X ~ D(X) sending X to the derived oo-category Dgi(X,Z/nZ) of
sheaves of Z/nZ-modules on the small étale site of X.

(c) Etale sheaves (C-adic coefficients, over k with £ € k*): The assignment
X ~» D(X) sending X to the f-adic derived oo-category Dei (X, Zy) of
sheaves on the small étale site of X, i.e., the limit D¢ (X, Z/¢"Z) over
n > 0.

(d) Motives: The assignment X — D(X) sending X to the oo-category
DM(X) := Dz (X) of modules over the integral motivic Eilenberg—
MacLane spectrum HZx.

(e) Cobordism motives: The assignment X — D(X) sending X to the co-
category DyarL(X) of modules over Voevodsky’s algebraic cobordism
spectrum MGLx.

(f) Motivic spectra: The assignment X ~ D(X) sending X to the oo-
category SH(X) of motivic spectra over X.

0.3.2. Sheaves on stacks. When the weave satisfies étale descent, as in the
first three examples, it can be extended to (derived) Artin stacks following
the method of [LZ] (see also [Khal, App. A]). In general, D only satisfies
Nisnevich descent, so we need to restrict our attention to Nis-Artin stacks
(see [Kha2, §4], [KR, §1]). For 7 € {Nis, ét} we define (7,n)-Artin and 7-Artin
stacks as in [KR, 0.2.2]:

(i) A stack is (ét,0)-Artin, resp. (Nis,0)-Artin, if it is an algebraic space
(resp. a decent algebraic space). Here an algebraic space is decent if
it is Zariski-locally quasi-separated, or equivalently Nisnevich-locally
a scheme.

(ii) For n >0, X is (7,n)-Artin if it has (7,n — 1)-representable diagonal
and admits a smooth morphism U - X with 7-local sections from
some scheme U. A stack is 7-Artin if it is (7,n)-Artin for some n.

For 7 = ét, these are the usual notions of n-Artin stacks and Artin stacks,
while e.g. (Nis, 1)-Artin stacks are the same as quasi-separated 1-Artin stacks
with separated diagonal.

If our chosen weave D does not satisfy étale descent, then we adopt the
convention that Artin means “Nis-Artin”.

0.3.3. Gy,-Equivariant sheaves. If X is a derived Artin stack with G,,-action,
we define the co-category of G,,-equivariant sheaves on X as the co-category
of sheaves on the quotient stack:

D" (X) = D([X/G.]).
There is a forgetful functor
DS (X) > D(X)

defined by =-inverse image along the (smooth) quotient morphism X —
[X/Gm].
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For any G,,-equivariant morphism f: X — Y the four operations f*, f., fi,
f' are defined on the Gy,-equivariant category using the induced morphism
[X/Gn] = [Y/Gy,]. Since each operation commutes with smooth *-inverse
image, they each commute with forgetting equivariance.

Note that, when the weave D does not satisfy étale descent, we are implicitly
using the fact that the group scheme Gy, is “special”, so that X - [X /G, ]
admits Nisnevich-local sections and hence the quotients are Nis-Artin when-
ever X is.

0.3.4. Derived vector bundles. Let S be a derived Artin stack. Given a
perfect complex € € Perf(.S), we denote by V(&) the stack of cosections of €,
or equivalently sections of €Y. That is, given a derived scheme T over S, the
T-points of V(&) over S are morphisms E|p - Op in Perf(T"). This agrees
with Grothendieck’s convention for vector bundles.

Definition 0.6. The stable oco-category DVect(S) of derived vector bundles
over S is the essential image of the fully faithful functor € » V(&) from
Perf(S)°P to the co-category of derived stacks over S with G,,-action.

Since € — V(&) is contravariant, we will adopt the following conventions:
(a) If E=V(&), we write E[n]:= V(E[-n]) for every integer n.

(b) If E=V(€), we say E is of amplitude > 0 (resp. <0, [a,b]) if € is
of Tor-amplitude < 0 (resp. > 0, [-b,—a]) in homological grading.
(Since € is perfect, F is of some finite amplitude.)

Now that these are in place, we will avoid making any further reference to
the construction € — V(&) (so that it makes no difference whether we took
EordtY).

Notation 0.7. Given a derived vector bundle E over a derived Artin stack
S, we denote by mg : E - S the projection and Og : S - E the zero section.

Notation 0.8. For every E € DVect(S), it will be convenient to denote the
quotient by the G,,-scaling action by:

°E:=[E/G]. (0.9)

Given a morphism of derived vector bundles ¢ : B’ — E, we also write
°¢:°E’ - °F for the induced morphism. We will also use the same notation
for G,-invariant subsets of I, e.g. °G,, s = 5. Note that points of °E are
pairs (L, ¢) where L is a line bundle and ¢ : L > EV is a morphism of derived
vector bundles.

If the weave D does not satisfy étale descent, we need the following;:

Proposition 0.10. Let S be a derived stack and E € DVect(S) a derived
vector bundle over S. If E is of amplitude < 0, then the projection tg : E — S
is affine. If E is of amplitude < n, where n > 0, then 7g is (n,Nis)-Artin.
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Proof. The proof is the same as that of n-Artinness which is well-known.
We recall it anyway for the reader’s convenience. Suppose E is of amplitude
<n where n =0 (resp. n>0). It is enough to show that if S is affine, then
E is affine (resp. (n,Nis)-Artin). In the n = 0 case we have E = V(&) ~
Spec(Sym(€&)) since & is connective. Thus assume n > 0.

Choose a presentation of E as a chain complex of vector bundles and let
Fs and E.y denote the stupid truncations so that we have an exact triangle
FE.— E — FEs, or in other words a homotopy cartesian square

E—'+ By
S —2s E[1].

Since Eo[1] is of amplitude < 0 and hence affine, its zero section is a closed
immersion and thus so is i. Replacing F by E5, we may therefore assume
that E is of amplitude [0,n]. There is a canonical morphism E — E,[n]
whose cofibre E’ is of amplitude [0,n—1]. Thus we have a homotopy cartesian
square

|
s—2 . F.

By induction on n we may assume E’ is (Nis,n — 1)-Artin. It will then
suffice to show that E,[n] is (Nis,n)-Artin for every n > 0 (because then
E is a fibred product of (Nis,n)-Artin stacks). In fact, the zero section
0:S - E,[n] is smooth and has a global section because S is affine and
E,[n] is of amplitude > 0. Thus it is a (Nis,n)-Artin atlas for E,[n]. O

Remark 0.11. In fact one can easily show: E is of amplitude < 0 if and only
if wg is affine, if and only if 7g is representable, if and only if Og is a closed
immersion. Similarly, F is of amplitude > 0 if and only if 7g is smooth, if
and only if wpv is affine.

1. DEFINITION AND PROPERTIES

1.1. Definition. Let S be a derived Artin stack and E € DVect(S) a derived
vector bundle over S.

1.1.1. Kernel. Consider the homogeneous evaluation morphism
evE:oEvgoE—f’Ag (1.1)
sending a pair
((L,¢:L—~E"),(L',¢: L' > E))
to

(Lol Lol 2% B eg B AL).
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We set
Pr=evy’j(1) e D(°EY EOE) (1.2)

where j: Gy, 5 — A}g is the inclusion and °j: S = °Gy, g = OAE is scaling
quotient.

1.1.2. Transform. Let pr; and pr, denote the respective projections

OEV XSOE

OE\/ OE

The homogeneous Fourier transform on E is the functor
FTg:DS"(E) > DS (EY)
defined by
F = pry(pra(F) @ Pe)[-1]. (1.3)

1.2. Zero bundle. By abuse of notation, we denote the zero bundle Vg(0) =
S by 0g € DVect(S).

Proposition 1.4. Let o: BG,,, s -~ BGy, s be the involution L — L". There

. . . |
are canonical isomorphisms FTog ~ 0" ~ o0, ~01~0'.

See Subsect. 2.1.

1.3. Involutivity. In the most general case, our statement of involutivity is
up to twisting with a canonical ®-invertible object.

Lemma 1.5. Let E € DVect(S). The object
LF = WEV!FTEV(]_E\/)EO!E'FTEV(]_EV)EDGM(S) (16)

is ®-invertible.

See Subsect. 5.2.

Theorem 1.7. For every E € DVect(S), there is a canonical isomorphism
() on5(LY) > FTp FTR(-) (1.8)

of functors DS (E) - DG (E).

See Sect. 5.

Notation 1.9. Let E € DVect(S). Tensoring with £ defines an auto-
equivalence

(-{E}:=(-)oLF of DE"(9).
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We denote its inverse by (=){-E} = (=) ® L¥®~1. We also write (-){E} :=
(=) ® f*(LF) of DS (X) where f: X — S is any derived Artin stack over
S with Gy,-action. In this notation (1.8) reads:

(-){E} > FTp FTg(-). (1.10)
Corollary 1.11. For every E € DVect(S), the functor FTgv(e){-E} deter-
mines a canonical inverse to FTg.

1.4. Base change.

Proposition 1.12. For every morphism f: S’ — S, denote by fg: E' - E
and fgv: E"Y — EY its base changes. Then there are canonical isomorphisms

fpvoFTg ~FTg o fp, (BC*)
JEv s« oFTp ~FTEgo fg ., (BC.)
fevioFTp ~FTgo fg, (BCy)
fiv o FTg ~FTgi o fh. (BCY

See Subsect. 2.2 and Sect. 6.
Lemma 1.13. Let E € DVect(S). For every morphism f: S’ — S, we have

a canonical isomorphism

Fol e ot (1.14)
Moreover, if fg : E' - E denotes the base change, there are canonical
isomorphisms

FE((HED) = fR(-){E}, (1.15)
Fe((AEY) = fu(-){E", (1.16)
fos((AE"}) = fo(-){E}, (1.17)
fer((CHED) = fa({EY, (1.18)

and similarly for fgv : E"Y — EY.
See Subsects. 2.4 and 6.6.

1.5. Functoriality.

Proposition 1.19. For every morphism of derived vector bundles ¢ : E' - E
over S, there are canonical isomorphisms

Ex*'T: ¢V* o FTp — FTg o ¢ (Fun*)
Ex' T FTp o ¢! > ¢ oFTp (Fun. )
Ex"FT: " o FTp{~E'} > FTg{-E} o . (Fun’)
Ex"""  FTp{-E'} 0 ¢* > ¢ o FTp{-E} (Funy)

See Subsect. 2.3 and Sect. 6.
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Example 1.20. Let E € DVect(.S). Since the projection 7 : E — S and zero
section Og : S — E are dual to Ogv : S - EY and wgv : EY — S, respectively,
we get canonical isomorphisms

FTo, 0 7y = 05 o FT (1.21)
FTgo Op) ~7p o FTo . (1.22)

1.6. Outline of proof: support and cosupport properties. We will see
that the proof of involutivity (Theorem 1.7) eventually boils down to what
we call the “cosupport property” for the object FTgv(1pv) € DGm(E).

When FE is of amplitude < 0, the object FTgv(1gv) is supported on the zero
section (which is a closed immersion):

Proposition 1.23 (Support property). Let E € DVect(S). If E is of ampli-
tude < 0, then we have:

(i) There is a canonical isomorphism
05 FT o (1) = 1g(—E). (1.24)
(ii) The canonical morphism

unit

FTpv(1) — 0 0 FTEv (1) :OE#(lS)(—EV) (1.25)
Is invertible.

In particular, there is a canonical isomorphism

15{E} ~ 05 FTx (1) ~ 1g(-EY). (1.26)

See Subsect. 4.1. In general the zero section Og is not a closed immersion, so
that Og, does not agree with O .. Nevertheless, the following dual version
of Proposition 1.23 holds for E of arbitrary amplitude:

Proposition 1.27 (Cosupport property). For every E € DVect(S), the
object FTpv(1pv) e DS (E) lies in the essential image of the fully faithful
functor Og,. Equivalently, the canonical morphism

counit

0p1(1s{E}) = 05,05(FTv (15)) =5 FTgv (15v) (1.28)

is invertible.

See Subsect. 5.1. Involutivity will then follow from:

Lemma 1.29. Let E € DVect(S). If E satisfies the cosupport property, then
there is a canonical isomorphism

(-){E} > FTp FTg(-).

See Sect. 3.
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1.7. Identification of the twist. We do not know whether the twist
LF ~1g{E} can be identified with the Thom twist 1g(-E") in general. If
FE admits a global presentation as a chain complex of vector bundles, one
can with some care build such an isomorphism from the vector bundle case.
To glue together these local isomorphisms (choosing presentations locally on
S) we would need to show they are compatible up to coherent homotopy.
Assuming the existence of a suitable t-structure this question reduced to the
heart, where we just need to check a cocycle condition. This line of argument
leads to a proof of the following statement.

Proposition 1.30. Suppose that the weave D admits an orientation and a
t-structure in which the unit is discrete, i.e., 1g € D(S)" for all derived Artin
stacks S. Then for every E € DVect(S) there exists a canonical isomorphism

L ~16{E} ~ 14(-7) (1.31)

where r = 1k(E).

The gluing is more subtle than we have suggested. This is due to the fact
that if E' is a vector bundle, the isomorphisms (1.26) for E' and E" only agree
up to a sign. This sign needs to be taken into account into constructing the
isomorphism (1.31) even in the presence of a global resolution. In particular,
when F is of amplitude <0, the isomorphism of (1.81) only agrees with that
of (1.26) up to a sign in general. We will give the details in a future revision
(see also [KK, Lem. 2.20]).

1.8. Fourier isomorphism in Borel-Moore homology. For simplicity we
assume the weave D is oriented and admits a t-structure as in Proposition 1.30.
Given F € DVect(S), which we regard as usual with the weight 1 scaling
G,,-action, we write E° to denote the same derived vector bundle but with
G,,-action by weight —1 scaling.

Theorem 1.32. Let S be a derived Artin stack. For every derived vector
bundle E € DVect(S) of rank r, there is a canonical isomorphism

T (=) = T 1je wTge 130 ()(7)

of functors DG (8) - D% (S).

Proof. By base change for the homotopy cartesian square

E—"E .9

lﬂ'E lOE[l]
0

s —U B,

we have a canonical isomorphism

7TE,*7T}:7(_) = O!E[l]OE[l],* (-).
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By (Fun,), (Fun'), and Proposition 1.30 we have

FTog O!E[I]OE[l],*(_) ~ Tpvi-1],« F T e O]« ()
= Ty (1]« v 11 FTog () {E[1]}
jad 7TEV[_1]7*7T!E\/[_1] FTOS(—)<T).

Recall that F'Tgg =~ o' ~ 0, where o : BG,, s - BGy, s is as in Proposition 1.4.
We conclude that

! ! ! !
WE,*WE(_) o~ O*WEV[_1]7*7TEV[_1]O ~ TrEV[—l]Q,*TrEV[—l]O

as claimed. O

We can interpret this in Borel-Moore homology as follows. Fix a base
commutative ring k. For a derived Artin stack X with G,,-action, locally
of finite type over k, we define the complex of G,,-equivariant Borel-Moore
chains on X by

O (X) = CM([X /Gl pa,,) = RO(BGim,°a,%a'(1))

where a : X — Spec(k) is the projection and °a : [X/G,,] - BG,, =
[Spec(k)/Gyy,] is the induced morphism.

Corollary 1.33. In the situation of Theorem 1.32, there is a canonical
isomorphism

CHMEn(B) = PG (BY[-1])(r).

Proof. It only remains to observe that o induces an isomorphism
CBMGn () & OB (%)
for every E € DVect(S). O

Example 1.34. Let F; and F> be vector subbundles of a vector bundle
V over a scheme S. If E := Fy x Fy e DVect(S) then EV[-1] ~ Fj x&t, Fy.
Indeed, we have the commutative diagram of homotopy cartesian squares

Fi <&, P FY} S
| b

F} VY Fy
s —2L Ry EY.

In this case, Corollary 1.33 recovers Kashiwara’s Fourier isomorphism (see
[EM], [MR2, §1.4)):

R R
CoMGm (P ‘>;F2) ~ COMGm (it X Fy)(r)

where r = 1k(FE) = rk(Fy) + rk(Fy) - rk(V).
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Remark 1.35. Let X be a derived Artin stack, locally homotopically of
finite presentation over k. The Fourier isomorphism for the 1-shifted tangent
bundle reads:

Ho S (T [1]) = Hyoy €™ (T3 [-2]) (1.36)
where vd is the virtual dimension of X and we omit the Tate twist for
simplicity. Via deformation to the derived normal bundle Nx/spec(r) = Tx[1]
(cf. [Khal, §3], [AKLPR, §2.1]) one has a canonical G,-equivariant Borel-
Moore class on Tx[1] (which roughly speaking is the cycle class of the
intrinsic normal cone). This corresponds under (1.36) to an element

[X]V e B S (T3 [-2]), (1.37)

which we may regard as a “generalized” virtual fundamental class; when X
is quasi-smooth we have HQB\%’G"‘(T)’}[—ﬂ) ~ HEBM(X) and (1.37) recovers
the usual virtual fundamental class [Khal]. The existence of such a class,
living on a natural bundle over X and of the expected dimension, can be
regarded as confirmation of an expectation stated by Ciocan-Fontantine and
Kapranov in the introduction of [CK]. If we work over k = C and X is 1-Artin
with cotangent complex of amplitude [-1,2] (homologically graded), then
by Borisov—Joyce and Oh-Thomas [BJ, OT] there is another canonical class
in H2B\§\§’Gm (T'x[-2]) constructed using the (—2)-shifted symplectic structure
on T%[-2], and the two should coincide.’

2. EASY PROOFS

2.1. Zero bundle. We prove Proposition 1.4.
The evaluation map evoy : [0%/Gy,] x [05/G] = [AL/Gy,] factors as the
composite
BGy 5 % BGys —> BGps — [A§/Gyps]
where the first map m is (L,L') » L ® L' and i is the zero section. By

localization, one computes i*j.(1) =~ ¢(1)[1], where ¢ : S - BG,, s. Note
that we have a cartesian square

BGp.s S

|6a0) jq

BG,, s x BG,,s —— BGy, s

where the left-hand vertical map is L ~ (L,L"). Thus the kernel of F Ty is
Do = evioje(1) = m g (1)[1] = (id, o)y (1)[1]
and FTy itself is given by
FTo(F) = pry i (pry(F) ® (id,0)1(1))[1][-1]
~ pry ,(id. 0)1(id, 0) “pr3 ()
= 0" (F)
by the projection formula.

IThanks to Tasuki Kinjo for helpful discussions about this.
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For the remaining isomorphisms, note that o is finite étale so that 0. ~ o
| . . . . .

and o* ~ o’. Since o is an involution, we also have 00" ~ id, hence 0* ~ 0,
|

and o1 ~ 0.

2.2. Base change, part 1. Let the notation be as in Proposition 1.12.

The base change property for °j,(1) (Proposition B.1) implies that there is
a canonical isomorphism

fivxs5(PE) = Prr (2.1)

where fpvysp: E" xg E' > EY xg E is the base change of f. The isomor-
phisms (BC*) and (BC)) follow immediately using the base change and
projection formulas.

The proofs of the remaining two isomorphisms will be done after proving
involutivity.

2.3. Functoriality, part 1. We prove the isomorphism (Fun*) of Proposi-
tion 1.19.

Let ¢ : E' - E be a morphism of derived vector bundles. We have the
commutative square

°REV x°F' idx¢ °FV x°FE
ld)vxid leVE
ORIV w o v/ oAl

whence a canonical isomorphism

(id x ¢)* Py = (¢7 xid)" (Per).

We use the following commutative diagram, where all squares are cartesian.

OE/XOEI
¢VV
OEVXOE, OEIVXOE

p‘IV idx f ¢Vy Vj
’

OE\/XOE oEl\/

E
N N s
OE OEV

By the base change and projection formulas we have:
FTg ¢ (F)[1] = pry (pr3(9F) © Pr)
= pry  ((id x ¢)1(pryF) @ Pp)
= pry(id x ¢)1(pryF @ (id x ¢)"(Pk))
= pry(praF @ (¢7 xid)" (Ppr))

idx f

o
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Similarly we have:
¢ FTp/(F)[1] = ¢" pry y(pr3(F) ® Prr)
= pry(id x ¢)1(¢” xid) " (pry(F) ® Ppr)
= pry(¢” xid)" (pr3(F) ® Ppr)
= pry(pr3(F) @ (¢7 xid)* Ppr).
The claim follows.

2.4. Base change for the twist, part 1. Given a morphism f:S5 - S
and E':= E'xgS" € DVect(S"), we show the isomorphisms

f*LE ~ LE'
and
FECHED) = fECHEY,  fei(AE} = fei (OAE')).

of Lemma 1.13. The remaining parts of these statements will be proven in
Subsect. 6.6.

By (BC*) we have:
f*LE = f*ﬂ'E,! FTEV(].)

~ 7TE’7!va FTpv(1)
~ WE’,! FTEN(]_)

- oF

From f*LF ~ LE" we now deduce
FE((AEY) = fe(- @ mp(L"))
~ fr(=) ® fpmp(LF)
> (=) @ w1 (LF)
> fi(-) @i (L)
= fe(-){E}.
Similarly, using the projection formula:
Fei({EY = fpa(-) @ mpp(£7)
= fpa(-® fimp(£5))
= fpi(- @ mp fH(LF))
= fra(-®mp (L)
= fE ((F{E'D).

3. PROOF OF INVOLUTIVITY ASSUMING COSUPPORT

In this section we prove Lemma 1.29.
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3.1. Kernel of the square. Consider the following commutative diagram:

OEXSOE

PHsI

OEXSOEVXSOE
V W‘

pPT2 pTy

OE OEV OE
A straightforward application of base change and projection formulas yields
an identification
FTpv o FTE(-) = pryy(pra(-) © P7)[-2] (3.1)

where
P = prog (pria(Pev) ® priz(Pr)) e D(°E X E).

Consider the G,,-action scaling both coordinates of ' xg E. The two pro-
jections pry,pry : Exg E - E are G,-equivariant. We let ¢:°(Exg FE) —
°Exg°FE denote the induced morphism (°pry,°pry). We denote by e :
E xg E - E the “difference” morphism, given informally by (x,y) » x —y;
this is also G,,-equivariant.

Lemma 3.2. For any E € DVect(S), there is a canonical isomorphism
{.P” =~ C[Oe* FTEv(l)[Q]

3.2. Proof of Lemma 3.2. Consider the morphism
eVHZOEXOEVXOE*oA}gXOA}g
S S S
given on points by
((Lyz:L->E),(L',¢:L' > EY),(L",y: L" - E))
- ('L, L'eL 225 B xE > AL), (L'oL", L'sL" 28, BYeE S AL)).

We have commutative squares

T T
*Exg°EYxg°E 225s °Exg°EY °Exg°EYxg°FE —12 °Exg°EY

lev" lev lev" lev'

pr pr
"ALxg AL — P, oAl "ALxg AL — P2, oAl

This yields
P e pryg ey (%5, (1) B 7, (1)) (3.3)
= Pr13,!eV"*C!OJ‘A,*(1)[1]
where the second isomorphism comes from Lemmas B.3 and B.7.
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Next observe that we have a commutative diagram

°5 — Vs B T2 CpVxg R s AL T °q
m

[OWE O \f}e | Tidx"e T"e O I"e

°F 28 *(ExsE) 2 °EYxg°(Exg E) "AZ 2 °(A2\A)

R T B

"
°F A OEXSOE PTri3 OEXSOEVXSOE ev OA}S’XSOA}S’

(3.5)
where the indicated squares are homotopy cartesian. The notation is as
follows:

e The two projections pry, pry : £ xg E — E are G,-equivariant. We let
c:°(ExgFE) > °Exg°E denote the induced morphism (°pry, °pr,).
Similarly for c: °A% - °A}§ Xg OA}g.

e A is the diagonal of °E and °A is the quotient of the diagonal of F.

e ¢: ExgFE — F is the “difference” morphism, given informally by
(z,y) = = —y. Similarly for e: A2 - Al

We thus get
P~ PT13,!eV"*C!°jA,*€*(1)[1]
~ %€ pryevy i, (1)[1]
by base change formulas.

Under the automorphism of °E" x g °E which swaps the factors, the morphism
evg 1 °EY xg°E — OA}g is identified with evgv and the projection pry :
°EY xg°FE — °F is identified with pry: °E xg°E" - °E. Thus by definition

FTpv(1) = pry evy’s. (1)[-1].

Hence we conclude
{.P" ~ Cgoeyr FTEV (1)[2]

as claimed.

3.3. Proof of Lemma 1.29. Since F satisfies the cosupport property, we
have the canonical isomorphism

0p1(LF) = 0p10 FTEv (1) » FTgv(1).
Applying ¢,°e* yields a canonical isomorphism
c;°e*0E7!(,,2”E)[2] - %" FTpv(1)[2] ~P".

By base change, using the diagram (3.5) again, we obtain a canonical iso-
morphism

A (L) [2] - P".
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Finally plugging this into (3.1) yields
FTp FTp(F) = pry,(pry(F) © P")[-2]
~ pry, (pr3 (F) ® Airp (L")
= pry (A1(A"pry(F) @ m(£7)))
~Ferp(LF)

where the second-to-last step is the projection formula.

4. CO/SUPPORT AND INVOLUTIVITY FOR E <0

In this section we fix E' € DVect(S) of amplitude < 0. We prove the support
property for E (which implies the cosupport property too) and deduce the
optimal form of involutivity in this case.

4.1. Proof of Proposition 1.23.

4.1.1. Restriction to zero. We first compute the inverse image along °0Op :
°S—>°k:

03 FTe (1)  FTog (*mpv (1))  FTog (1{-EY)) = 1(-EY),

using functoriality as well as the isomorphisms °mhy ~ °7w i (EY) (Poincaré
duality) and °m E\/’!oﬂ'!Ev ~id (homotopy invariance) for the morphism °7pgv :
°EY - °S (smooth because EY is of amplitude > 0).

4.1.2. Support and cosupport properties. Since E is of amplitude <0, Og is
a closed immersion and Og « ~ Og). By localization, invertibility of either
(1.25) or (1.28) is equivalent to the assertion that FTgv(1) is supported on
the image of °0g : °S — °F.

It will suffice to show that for every residue field v : Spec(k) — °E that
factors through the complement of 0g, v* FTgv(1) vanishes. Without loss
of generality, we may replace S by Spec(x) and show that for every nowhere

. . . S .
zero section s of £ — S, the inverse image along s’ : S — E — °E vanishes.

We have the following commutative diagram:

apv ®evg

S OE\/ OA}S‘

ls’ lidxs' H

OE proy OEVXOE ev oA‘ls

where the left-hand square is cartesian. Here °evy is the G,,-quotient of the
“evaluation at s” morphism evy: EY — A}g, and apgv is the projection. Hence
we have

s pryjev = apv)(id x s")"ev* ~ apv ev}. (4.1)
Since s is nowhere zero, ev, is surjective and its fibre F = Fib(ev, : EY — Ag)
is of amplitude > 0. Since S is affine, it follows that evy admits a section,
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hence can be identified with the projection F' xg A}g - A}q. Using Poincaré
duality and homotopy invariance for the latter we have

agv,’evy =~ aevg evy
~ ) °evy e (—F)
~a(-F)
where a : °A}9 — S is the projection. Combining with (4.1) we deduce
S FTpo(1) = s pryyev* (. (1) 2 ar i ()(-F).  (42)

Since a factors through °p: °A}g - °S, and °p, °j, ~ 0 (Proposition B.1), this
vanishes.

4.2. Proof of involutivity. At this point, combining Proposition 1.23 with
Lemma 1.29 yields the following form of involutivity:

Corollary 4.3 (Involutivity). Let E € DVect(S) be of amplitude < 0. Then
there is a canonical isomorphism

(=)(-EY) > FTpvFTg(-).

Proof. By Lemma 1.29, the cosupport property for EV yields the canonical
isomorphism
(=)@ (LE) > FTe FTg(-).

By Proposition 1.23(ii), we have the canonical isomorphism

L o 15105 (1)(~EY) ~ 1 0p 1 (1)(-E") ~ 15(-E").

5. COSUPPORT AND INVOLUTIVITY FOR GENERAL F

Let E € DVect(S) be an arbitrary derived vector bundle. We will now prove
Proposition 1.27, which implies involutivity (Theorem 1.7) by Lemma 1.29.
We will also show that the twist £ = 1{E} is ®-invertible in general
(Lemma 1.5).

5.1. Proof of Proposition 1.27. Let E € DVect(S) and let us show that
the canonical morphism

counit : Opv,0fv FTg(1g) - FTe(1g) (5.1)
is invertible. Equivalently, FTg(1g) lies in the essential image of the fully
faithful functor Ogv (Corollary A.3).

Let f:S" - S be a smooth surjection and adopt the notation of Proposi-
tion 1.12. Applying ffv on the left to the morphism (5.1) yields, by the
base change formula Ex; : f5 0pv) ~ O f*, the exchange isomorphism
Ex* : f*O!Ev o O!E,v [y, and (BC*), a canonical morphism

0 0n FT 5 (1pr) > FT s (15) (5.2)
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which one easily checks is identified with the counit. Thus the claim is local
on S and we may assume that S is affine. In particular we may, by choosing
a presentation of F, write E/ as the fibre of a morphism d: E, -~ E_ where
E, is of amplitude > 0 and E_ is of amplitude <0 (e.g. d is the morphism

Ey Ey 0
T o
0 E_4 E_,

where -+ - Fy - Fy - E_; — --- is some presentation of F). We have the
cartesian squares

E—‘+ E, gy -2, gy

R 6
0m_ Ogv

S — E*a S —E, EY

where i is a closed immersion (since E_ is of amplitude < 0) and its dual ¥
is a smooth surjection (it is a torsor under EY). We may thus check (5.1) is
invertible after applying i*>* on the left; by base change and invertibility of

Ex* this reduces to show that the morphism
counit : d)d"' FTg, (i1g) - FTg, (ii1g) (5.5)

is invertible. We claim that FTg, (i11g) is in the essential image of d'.
Since unit : 1 - d¥"'d)'(1) is invertible (Corollary A.3), it will follow from
adjunction identities that (5.5) is invertible.

Using Ex*FT, Ex;’, and the computation of FTg (1) (Proposition 1.23, recall
E_ is of amplitude < 0), we first compute:

FTpy(d/1pv) ~d"FTp (15.) (5.6)
~d*0gv (1pv)(-EY) (5.7)
~ Zl(lE‘)<_Ei/> (58)

Using involutivity for EY (Corollary 4.3), we deduce the (canonical) isomor-
phism

FTg, (i1g) = FTg, FTgy (dY1)(EY) ~d/(1)(EY)W-E,). (5.9)

The claim follows.

5.2. Proof of Lemma 1.5. We prove that £ := g, FTEv(1) is ®-invertible.
This is equivalent to the assertion that the evaluation morphism

ev: L¥ @ Hom(LF,1g) - 15 (5.10)

is invertible. If f:S" — S is a smooth morphism, then we have the canonical
isomorphism

f*Hom(LF 1g) ~ Hom(f*LF, f*1g)
under which the *-inverse image of (5.10) is identified with

fLE @ Hom(f*LE, f 1) —» 1g.
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Let E' := ExgS’ and let fgv : E'Y — EY be the base change of f. By
Subsect. 2.4 we have f*LF ~ LE This shows that the question of invertibility
of (5.10) is local on S. In particular, we may assume that F admits a
presentation so that there are cartesian squares

E—‘+ E, gy -4, gv
lﬂE | e | (5.11)
i, E,, g ﬂ» EY

where FE, is of amplitude > 0 and E_ is of amplitude <0, as above in (5.4).
For simplicity we may as well show the claim for EV instead, i.e., that
LB = gy FTE(1) is ®-invertible. After *-inverse image along the smooth
surjection mpv : EY - S, we have:

ﬂ'EXLEV = WEYO!EV FTg(1) (Corollary A.2
~ d"Y FTp(1) (Ex*!
~d" FTg, (i11) (Fun*
~ d"'dy (1)(EY)(-E.) (x
~ 1(EY)(-E,), (Corollary A.3

where (x) is from the isomorphism FTg, (i11) ~ d)(1)(EY)(-E.) (5.9). This
is ®-invertible, so we conclude.

~— ~— ~— ~— ~—

6. BASE CHANGE AND FUNCTORIALITY, PART 2

Using involutivity, we conclude the proofs of Propositions 1.12 and 1.19.
Specifically, we will use the fact that the functor

FTgv(e){-FE}
is inverse to FTg (Corollary 1.11).

6.1. Proof of (BC.). Let the notation be as in Proposition 1.12. Recall
the isomorphism

fE(HEY) = fe(-){E"}

of Lemma 1.13, proven in Subsect. 2.4. Passing to right adjoints, we have:

fe (=B} = fea(-){-E"}) (6.1)
Recall also the *-base change formula (BC*)
f;jv FTE = FTE/ f&
proven in Subsect. 2.2. Passing to right adjoints yields

fos(ETpn (=){-E"}) = FTpv (fpv . (-)){-E}.
Pulling out the twist using (6.1), we deduce

JE~(FTEn(=)) 2 FTrv(fev +(-))-
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Equivalently, replacing E by E" gives the formula
fev (BT (=) = FTE(fE.(-))- (6.2)

6.2. Proof of (BC'). This follows from (BC)) exactly as above.

6.3. Proof of (Fun'). Passing to right adjoints from (Fun*)
Ex*'T: ¢V o FTp — FTg o ¢
yields the canonical isomorphism
¢ o FTpv{-E"} > FTpn{-E"} o ¢Y. (6.3)

Equivalently, applying this to ¢" in place of ¢ we get the canonical isomor-
phism
Ex"TT: ¢V o FTp{-E'} > FTg{-E} 0 .. (6.4)

6.4. Proof of (Fun,). Begin with the isomorphism (6.3) above. Applying
FT g on the left and FTg on the right, we get:

ExX" T FTg o ¢ - ¢Y o FTp.

6.5. Proof of (Fun). Begin with the isomorphism (Fun®):
Ex*fT: ¢V o FTp - FTg o ¢r.
Applying FT g {-FE} on the left and FTg{-FE} on the right, we get:
ExX'T*  FTp{-E'} 0 ¢ > ¢y o FTp{-E}.

6.6. Proof of Lemma 1.13. Let f : S’ - S be a morphism and E’ :=
E xgS" € DVect(S’). We prove the remaining isomorphisms of Lemma 1.13.
We already have the isomorphisms

Fel(HED = fECRE,  fea(OAEY = fea(LE)) (6.5)
by Subsect. 2.4.

6.6.1. *-Push. The claim
fE (B} = fea (B
which is equivalent by passage to left adjoints to
TE(E) = fu((O){-E}).
Applying {-E'} to both sides, this is equivalent to
fe(=) = fe((-){-E}{E}.
But this holds by (6.5).

6.6.2. !-Pull. This follows from the !-push version by the same argument as
above.
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APPENDIX A. THE CONTRACTION LEMMA

The following is well-known in the case of a separated morphism of schemes.
Thanks to L. Mann and J. Scholbach for pointing out to me the much more
general statement in [DG, Thm. C.5.3] (and that the same argument works
for an arbitrary topological weave) which we restate below. (In the original
draft, we gave an argument just for the case of derived vector bundles.)

Proposition A.1 (Contraction lemma). Let p : X — S be a morphism
of derived Artin stacks and s : S - X a section. Suppose there is an
A'-homotopy A' x X - X between idy and sop, so that the diagram

Sop

X\io‘
XxAl —+ X
(51

A

commutes. Then the canonical morphisms

unit * * | | counit
D« > PxSxS =S, S 2 P1S|IS —> D

are invertible on (,,-equivariant sheaves.

Corollary A.2. For every derived Artin stack X and every derived vector
bundle E over X, the natural transformations

unit
5« — TE0E,:0F = 0p

counit

! !
Op 27mg 00y —— 7R,

are invertible on G,-equivariant sheaves. In particular, the functors mr, w%,
Og,«, and O, are all fully faithful on G,,-equivariant sheaves.

Proof. The first claim is a special case of Proposition A.1. For every F ¢
D" (X) there is a commutative diagram

it
T ()

lunith

0pmR(F)

where the vertical arrow is invertible by the first claim. This shows that
unit : id - g 47y, is invertible on G,-equivariant sheaves. Similarly, on Gy,-
equivariant sheaves, the counit 7rE7g7rjE — id is identified with the tautological
isomorphism 0'7' ~ id; the counit 050E,« — id is identified with 7g ,0p « ~ id;
and the unit id —» 040z, is identified with id ~ 75,05, O
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Corollary A.3. Let E € DVect(S). For any cartesian square
Xo —> X
lfo lf

Op

S —
where f is smooth, the unit 1x — i'ij(1y) is invertible.
Proof. Apply f; on the left to the isomorphism unit : id - OEO g, (Corol-

lary A.2). Under the isomorphisms Ex; and Ex* (the latter since f is
smooth), the result is identified with unit : f§ — iy 13- O

APPENDIX B. COMPUTATIONS ON °Al AND °Al x°Al

We lift some simple computations from [Lau] (namely, Lemmas 1.4, 3.2, 3.3,
and 3.4 of op. cit.) to the generality of topological weaves.

B.1. The sheaf °j, (1). We adopt the following notation:

S — AL «1— G5

NbA

S

where ¢ is the zero section and j is its complement. We consider the Gy,,-
scaling quotient of this whole diagram, writing the resulting morphisms as
°:°5 - °AIS, etc.

We record some basic observations about the sheaf j,(1) e DG™ (AL), or
more precisely

°j.(1) e D(°Ag)
where °j: S =°Gy, 5 = OAIS.

Proposition B.1.

(i) Constructibility. The sheaf °j,(1) is constructible.

(ii) Base change. For any morphism f:S" — S, let j': §' = °Gy, g0 =
OA}gf denote the base change of j along f':°AL, - °A}9. Then the
canonical morphism

Ex}: f"°5,(1) = ji(1)
is invertible.
(iii) There is an exact triangle
5= %G > Ciotg[1],
and we have °p,°j, ~0 in D(°S).
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(iv) There is a canonical isomorphism

°7e (1) = uyji s (1)[1]
in D(°A'), where j; : A\ {1} - A! is the complement of the unit
section and wu : A}g - °A}g is the quotient morphism.

Proof. We have the localization triangle

counit o . unit 5. .%o

Ojlﬁojloj*oj*—) Jx = Ux { j*' (B2)
Applying °p, yields

o o o. unt o 5. o.%0. o Os%0
qy = D Jx Priet Jo= 1 Jg-

We have °p,°j, ~ °i!°j* ~ 0 by the contraction lemma (Proposition A.1) and
base change formula. We deduce a canonical isomorphism

O/I;*Oj* ~ Oq![l]'
In particular, we can rewrite (B.2) as an exact triangle

=Gk =t 1] 2 P g 1.

Since °j, %i. = 4, and °q, preserve constructible objects, it follows that
°jy preserves constructible objects. Similarly, the base change formulas
for °j,, °iy, and °q, yield the claimed base change formulas for °j,(1) (we
omit verification of commutativity of some diagrams, expressing e.g. the
compatibility of Ex} : f*°j.(1) - j.(1) and Ex; : j/(1) — f°5(1)).

For the final claim (iv), we begin by observing the canonical isomorphism

g1 (1) = 1[-1]
using the base change formula j*u) ~ q;j* for the square

J
Gims Al
S=°Gps — °Al

and the observation that

@J g1,+(1) 2 1[-1]
which is a straightforward computation using the base change formula and
localization.

It will then suffice to show that the unit morphism
wj1,+(1) > 5,5 (wg e (1)) = °5.(1)

is invertible. By localization, this is equivalent to showing that °i'(uj1 . (1)) =
0. By the contraction lemma (Proposition A.1), we have

i (w1 (1)) = “prn1 (1) = “qpj (1) = 0
since p1j1,+(1) =0 € D(S) by a straightforward localization argument. O

B.2. The square of °j, (1).
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B.2.1. Kiinneth formula.

Lemma B.3. There is a canonical isomorphism
"7.(1)®s 75, (1) = (5 x%7)«(1)
in D(°AL xg°AL).

Proof. Consider the commutative diagram

pr pr
°G,g ~—— G5 x5°Gps —— °Gps

s ) s

pr pr
AL P cALxgeAL P2 oAl

where h := °j xg°j. There is a canonical morphism °j,(1)®s°j,(1) = h.(1),
see e.g. [JY, 2.1.19], which fits in a commutative diagram

(1) &% (1) —— 5. (1) &°j.(1)

l

h.(1)

hi(1)

where the left-hand vertical arrow is the Kiinneth isomorphism for !-direct
image, see e.g. [JY, Lem. 2.2.3], and the horizontal arrows are induced by
the “forget supports” transformations for j and h. If K and £ denote the
cofibres of o and 3, respectively, it will suffice to show that the induced
morphism X — £ is invertible.

The morphism « factors as the composite

al oo a2 o

(1) %5 (1) — 7. (1) 8% (1) — 5. (1) ®°5,.(1).

Computing the cofibres of a; and ao using Proposition B.1(iii), we get an
exact triangle

(“i0°g)(1) &7y (1) > X > 75, (1) = ("io"g)i(1). (B.4)
Similarly, since h = (id x °j) o (°j x id), 8 factors as the composite
(id x5 % ) (1) 2 (id x5 x ) (1) 2> (id x 7). (% x i) (1),

Computing the cofibres of 31 and (2 using Proposition B.1(iii) (taking S to
be °Gy,.s), we get the exact triangle

(Ad x °7)(%i0°g xid)(1) = £ — (id x ®10°¢)y(° x id).(1). (B.5)

The exact triangles (B.4) and (B.5) fit into a commutative diagram

(io%gn(1) =% (1) X °5. (1) ® (%io°g)(1)

(id x °j)1(%i 0 °g x id) (1) —— L —— (id x % 0 °¢)(°j x id),(1).
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The left-hand vertical arrow is the Kiinneth isomorphism for !-direct image,
see e.g. [JY, Lem. 2.2.3]. The right-hand vertical arrow is the isomorphism

7, (1) 8 (Ci0°g)(1) = ( xid). (1) ® (id x °i 0 °q)y (1)
= (id x ° 0 *q)i(id x i 0 °q)* (% x id).. (1)
= (id x °i 0 °q)y(°j x id). (1)

coming from the base change and projection formulas. The last isomorphism
comes from the base change formula of Proposition B.1, which we apply by
taking S to be °AL, S’ to be °Gy, s, and f =°i0°q.

This shows that K — £ is an isomorphism, as desired. O

Remark B.6. When (i) S is locally noetherian, (ii) S is defined over a base
field k which either admits resolution of singularities or whose characteristic
is inverted in the weave D, and (iii) D is continuous and constructibly
generated, then Lemma B.3 can alternatively be deduced as follows. Indeed,
by assumptions (i) and (iii), [Kha2, Prop. 3.13] says that it is enough to show
the canonical morphism is invertible after *-inverse image to every residue
field of S. As °j,(1) is stable under base change in S (Proposition B.1), we
may thus assume that S is the spectrum of a field. In that case, the claim is
a special case of the Kiinneth formula of [JY, Prop. 2.1.20], proven under
assumption (ii).

B.2.2. Consider the morphism
_(° o . 0A2 oAl oAl
c=("pry,°pry) : "Ag > s s
induced by the projections A2 - A! (which are G,,-equivariant), which
exhibits °A§ xg A as the quotient of >A% by the action A (z,y) = (z,A-y).

Let A c A% denote the diagonal, ia : A < A% the inclusion, and ja the
complement.

Lemma B.7. There is a canonical isomorphism

(5 x°5)+(1) 2 a’ja . (1)[1]

Remark B.8. Let e: A% - A}g denote the “difference” morphism, given
informally by (x,y) = x —y. By smooth base change for the square

(AL N A) 22, 0A2Z

| |

o

"Gpn,s —— A

we can write °e*°j,(1) ~ °ja (1) and hence also

(° x5« (1) = e®e 5, (1)[1]. (B.9)
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Proof of Lemma B.7. Consider the commutative diagram

-2 .
Gons x5 Gmg —— A% {0}y — A2 2 S
| N
{(1}5 x5 Gms — (A2~ {0}g) — L °A2 £ eg
: : i J
s & U2 °ALxg AL« °Sxg°S

where the bottom row is the quotient of the middle one by the G,,-action
which scales the second coordinate (with weight 1). In the two left-hand
columns, the horizontal rows are factorizations of j x j, °(j x j), and °j x
°j, respectively. In the two right-hand columns, the horizontal rows are
complementary open/closed immersions.

Set
Fi=cja.(1) € D(°A§§°A}g).
We claim there are isomorphisms:
(a) 7(F) =0,
(b) 5 (F) = Ja,» (1)[-1].

By localization it will follow that the unit

unit 2 F > go o Jy (F) 2 b (1)[-1] = (5 x 5)+ (1) [-1]
is invertible, as claimed.

Proof of (a). Since °i? is the zero section of the vector bundle °p? : °A§ -8
where p? : A% — S is the projection), the contraction lemma (Proposi-
( S J
tion A.1) yields an isomorphism

2.1 2
07 ~ OpO,!

and similarly
iy = (°px°p).
We get
i1 a2 (Cpx°pheia
= dy °pg ) Jas
~ d, %! °inn
0:210 ;

where d is the diagonal of °S as in the diagram above. But °i“*°ja . ~ 0 by
base change (as 0 € A is contained in A).
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Proof of (b). Consider the diagram of cartesian squares

G {1} = (G xGp~A) » (Al x G, v A) = AL {1} - °(AZNA)

[ [ | [s [Fia

G = (G x Gp) — °(Al x G,) =—— Al °A?
: i : vy
S on: oAl oAl‘—>oA1XOA1

where we omit the subscripts ¢ for simplicity. By base change we get
(°3x°5) e ®jax(1) = goi . (1) = 1[-1]
where the second isomorphism follows easily from localization.

Since °j x °j = j 0 j, this isomorphism gives by adjunction a morphism

Jo (F) = Jas (1)[-1]
in D(U) which we claim is invertible. Write U as the union of the two opens
[°(A! x G,,)/G] and [°(G,, x AY)/G,,], where [-/G,,] is the quotient by
the scaling action on the second coordinate. Over either open this morphism
restricts to the isomorphism

wjr«(1) =5, (1)[-1]
constructed in Proposition B.1. O
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