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ABSTRACT. We relate the recognition principle for infinite P1-loop spaces to the theory of
motivic fundamental classes of Déglise, Jin, and Khan.

We first compare two kinds of transfers that are naturally defined on cohomology theories
represented by motivic spectra: the framed transfers given by the recognition principle, which
arise from Voevodsky’s computation of the Nisnevish sheaf associated with A™/(A"™ — 0),
and the Gysin transfers defined via Verdier’s deformation to the normal cone.

We then introduce the category of finite R-correspondences for R a motivic ring spectrum,
generalizing Voevodsky’s category of finite correspondences and Calmes and Fasel’s category
of finite Milnor—Witt correspondences. Using the formalism of fundamental classes, we show
that the natural functor from the category of framed correspondences to the category of
R-module spectra factors through the category of finite R-correspondences.
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1. INTRODUCTION

This paper connects two recent developments in our understanding of certain cohomology
theories for schemes, namely those that are represented in the Morel-Voevodsky category of
motivic spectra [Mor03]. On the one hand, the work of Levine [Lev17b] and Déglise, Jin, and
Khan [DJK18] develops the theory of fundamental classes in the setting of motivic homotopy
theory. This results in a vast generalization of Fulton’s operations in Chow groups [Ful98] to
these cohomology theories. On the other hand, the work of Garkusha, Panin, Ananyevskiy, and
Neshitov [GP18a, GP18b, AGP18, GNP18], building on some insights of Voevodsky [Voe01],
develops a theory of framed motives. One achievement of their work is to give explicit models
for motivic suspension spectra of smooth schemes.

Recall that if E € SH(S) is a motivic spectrum over a scheme S, there is an associated
bigraded cohomology theory on smooth S-schemes:

E**(—): Smg” — Ab.
Both the theory of fundamental classes and that of framed motives imply the existence of
certain transfers, called framed transfers, in such a cohomology theory. These transfers can be
encoded by an extension of E**(—) to the category hCorrf(Smg) of framed correspondences:
E™"(-)

SmgP ———— Ab.

hCorr'™(Smg)°P

In the first part of this paper, we show that the framed transfers produced by both theories agree.
This is nontrivial as their respective constructions are based on different geometric ideas. In the
second part of this paper, we introduce the category hCorr®(Smg) of finite R-correspondences
for R a motivic ring spectrum, and we construct a further interesting extension

Smg” B )

-
-
-
-
-
-
-
-
-

hCorr™(Smg)°P .-~

-
-
-
-
-
-
-

hCorr®(Smg)°P

Ab

when E is a module over R. The category hCorr®(Smg) recovers Voevodsky’s category of
finite correspondences when R is the motivic Eilenberg-Mac Lane spectrum HZ, and it recovers
Calmeés and Fasel’s category of finite Milnor-Witt correspondences when R = HZ. Thus, our
construction unifies those of Voevodsky and of Calmes—Fasel, as well as their relationship with
the category of framed correspondences.

1.1. Comparison of transfers. In [EHK'19], we introduced the oo-groupoid Corrf} (X,Y) of
framed correspondences between smooth S-schemes X to Y: such a correspondence is a span

X% NY

where f is finite syntomic, together with an equivalence 7: £ ~ 0 in K(Z). Here, Ly is
the cotangent complex of f and K(Z) is the K-theory space of Z. As X and Y vary, these
oo-groupoids form the mapping spaces of an co-category Corr'™(Smg).
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Framed correspondences encode an essential functoriality of cohomology theories represented
by motivic spectra: if E € SH(S) and o = (Z, f,g,7) € Corrfsr(X,Y), there is an induced map

o B(Y) — E(X)

in cohomology; here E(X) = Mapsgy g) (X5 X+, E) is the E-cohomology space of X. In fact,
there are several different ways to construct * that are not obviously equivalent:

(1) Via fundamental classes. For any finite syntomic map f: Z — X between S-schemes, its
fundamental class induces a Gysin transfer fi: E(Z,£;) — E(X) in twisted cohomology
[Levl7b, DJK18]. Hence, given the framed correspondence «, we can define

o E(Y) L5 E(Z) L EZ,£5) L5 B(X).

(2) Via Voevodsky’s Lemma. Voevodsky introduced the set Corrd” (X,Y) of equationally
framed correspondences from X to Y [Voe01] and constructed a canonical map

Corrg™(X,Y) — Mapsgys) (57 X4, SFY4).

One of the key results in [EHK119] is that the presheaves Corrg™ (—,Y) and Corrl (-, Y)
are motivically equivalent. This implies that Voevodsky’s map factors through the oco-
groupoid Corr§(X,Y). In particular, o induces a map LFX, — U¥Y, in SH(S),
whence a map o*: E(Y) — E(X) in cohomology.

(3) Via framed motivic spectra. In [EHK119], we constructed the co-category SH™(S)
of framed motivic spectra over S, in which the functoriality with respect to framed
correspondences is hard-coded. In particular, o induces a morphism

E%\O’fr(a) : E%\o’er — EOTO’er

in SH™(S). The reconstruction theorem of loc. cit. (generalized to arbitrary schemes in
[Hoy18]) gives an equivalence of oo-categories SH™ (S) ~ SH(S), under which YT ()
corresponds to a morphism IFX, — LFY, as in (2).

In Section 3, we show that these three constructions agree.

We note that each construction has its own useful features. Construction (1) connects framed
correspondences with the powerful formalism of six operations. As we explained in the intro-
duction to [EHK™19], it was this hypothetical connection that led us to the correct formulation
of the recognition principle for infinite P'-loop spaces. Construction (2) is helpful to perform
explicit computations. For example, Bachmann and Yakerson employ the Voevodsky transfer
to show that for a strictly homotopy invariant Nisnevich sheaf of abelian groups M on Smy
the double contraction M_s has an infinite G,,-delooping (at least when char k = 0) [BY18].
Construction (3) has the advantage that it is coherently compatible with the composition of
framed correspondences, i.e., it gives a functor

Corr™(Smg) — SH(S).

Our comparison theorems can therefore also be viewed as coherence theorems for the first two
types of transfers.

1.2. Finite correspondences for motivic ring spectra. In Section 4, we introduce cat-
egories of finite correspondences that encode the functoriality of R-cohomology for a given
motivic ring spectrum R € SH(S). We define for X, Y € Smg an oo-groupoid Corrg(X,Y) of
finite R-correspondences such that Corrg (X,S) ~ R(X). We expect that these are the mapping
spaces of an oo-category Corr®(Smg) with the following properties:

(1) There is a functor M®: Corr®(Smg) — Modg (SH(S)) sending X to R ® ¥5¥X .
(2) There is a functor ®%: Corr(Smg) — Corr®(Smg) sending X to X.
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(3) The following square of co-categories commutes:

Corr™(Smg) —— SH(S)

Jor Jre-

Corr®(Smg) Mt Modg (SH(S)).

In this paper we restrict ourselves to constructing the homotopy category hCorr®(Smg), and
we establish the above properties at the level of homotopy categories (enriched in the homotopy
category of spaces). The functor M® exists essentially by design, and the functor ®® is defined
using the formalism of fundamental classes. Property (3) is an application of the main result
of Section 3.

We then consider the cases R = HZ and R = HZ for S essentially smooth over a Dedekind
domain and a field, respectively. In these two cases the mapping spaces COHISDL (X,Y) are discrete,
so the co-category Corr®(Smg) is defined and is a 1-category. Moreover, we prove the following
comparison results:

(4) Corrt%(Smyg) is equivalent to Voevodsky’s category of finite correspondences, and the
functor ®HZ is the functor cyc constructed in [EHK*19, §5.3].

(5) CorrHZ(Sms) is equivalent to the category of finite Milnor—Witt correspondences, con-
structed by Calmes and Fasel [CF17], and the functor ®HZ yefines the one defined by
Déglise and Fasel in [DF17].

If k is a field and R € SH(k) is an MSL-algebra, the category hCorr®(Smy) is equivalent
to that constructed by Druzhinin and Kolderup in [DK18]. For R = KGL (resp. R = KO if
char k # 2), it receives a functor from Walker’s category of finite Kg-correspondences [Sus03]
(resp. from Druzhinin’s category of finite GW-correspondences [Drul8]). However, a novel
feature of our category is that it is enriched in the homotopy category of spaces, hinting that it
is the homotopy category of a more fundamental co-category. Its mapping spaces are discrete
if and only if R is O-truncated in the effective homotopy ¢-structure, a condition which implies
that R is an HZ-algebra. The Calmes Fasel category Corr"%(Smy,) is thus in a precise sense
the most general I-category of finite correspondences.

Assuming that the oo-category Corr®(Smg) has been constructed, one can consider the
oo-category DM (S) of T-spectra in A'l-invariant Nisnevich-local presheaves on Corr®(Smg).
When S is the spectrum of a field of characteristic zero and R =HZ or R = HZ, it is well known
that DM®(S) ~ Modg (SH(S)) [RO08, EK19] and that the “cancellation theorem” holds for
Corr®(Smg) [Voel0, F?17]. We will not attempt here to generalize these results. However,
we note that the conjectural properties listed above imply that SH(S) is always a retract of
DM*(S).

1.3. Conventions and notation. Our terminology and notation follows [EHK*19]. In par-
ticular:

Spc is the oo-category of spaces/oo-groupoids, Spt that of spectra;

Maps(X,Y) is the space of maps from X to Y in an co-category;

if C is an oco-category, we denote by hC its homotopy category;

Perf(X) is the co-category of perfect complexes over X;

SH(S) is the stable motivic homotopy oco-category over S;

DM(S) is Voevodsky’s co-category of motives over S;

G, T, and P denote the pointed presheaves (G,,, 1), A'/G,,, and (P!, x); q, X,
and YXp are the corresponding suspension functors, and Qg, Q, and Qp their right
adjoints.
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o If C is an oco-category and M, N are two collections of morphisms in C that are stable
under composition and pullback along one another, we write Corr(C,M,N) for the
oo-category of spans with backward maps in M and forward maps in N; see [Barl7, §5]
for details on the construction of this co-category.

1.4. Acknowledgments. We would like to thank the Mittag-Leffler Institute and the organiz-
ers of the program “Algebro-Geometric and Homotopical Methods”, which hosted the authors
while part of this work was done. Elmanto and Yakerson also thank the University of Copen-
hagen and the Centre for Symmetry and Deformation for support and hospitality during an
enjoyable research visit. Hoyois would like to thank Aravind Asok, Tom Bachmann, and Marc
Levine for useful discussions about Chow—Witt groups. Yakerson would like to thank sincerely
Jean Fasel and Marc Levine for teaching her about Milnor-Witt correspondences.

2. PRELIMINARIES
In this section, we review some aspects of the formalism of six functors in stable motivic
homotopy theory [Ayo08, CD19].

In §2.1, we discuss various (co)homology theories associated with a motivic spectrum and
their basic properties. In §2.2, we review the formalism of fundamental classes for local complete
intersection morphisms.

2.1. Cohomology theories.

2.1.1. For every morphism of schemes f: X — Y we have an adjunction
fr:SH(Y) = SH(X) : f..
If f is smooth, there is a further left adjoint
fy: SH(X) = SH(Y) : f*.
If f is locally of finite type!, we also have an adjunction
fi: SH(X) = SH(Y) : /',
such that f) ~ f, if f is proper.
The basic properties of these functors are summarized by the existence of a functor
Corr(Sch, all, Ift) — (o0, 1)-Cat, S~ SH(S), (U L1z S) — o f*,

where “Ift” is the class of morphisms locally of finite type (see [Khal6, Chapter 2, §5.2] or
[Hoyl17, §6.2]). We will often use this implicitly when discussing the functoriality of certain
constructions.

2.1.2. Thom transformations. Let S be a scheme, € a locally free Og-module of finite rank, and
V = Spec(Sym(€&)) the associated vector bundle. If p: V — S is the structure morphism and
s: S — V the zero section, then the adjoint functors

& = pys, : SH(S) = SH(S) : s'p* =2 ~¢

are SH(S)-linear equivalences of oo-categories, called Thom transformations. In particular,
»€ ~ ¥815 ® (—), and the object X¢1g € SH(S) is invertible with inverse ¥~¢1g.

IThe careful reader will replace “locally of finite type” by “separated of finite type”, since the current
literature only contains the construction of f in the latter case; it can be constructed in the general case using
Zariski descent.
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The Thom transformations $¢ are defined more generally for € a perfect complex of Og-
modules, and they assemble into a morphism of grouplike €..-spaces

(2.1.3) K(S) — Pic(SH(S)), & Xf1g,

natural in S, called the motivic J-homomorphism (see [BH18, §16.2]). In particular, for every
cofiber sequence
& —e—e

in Perf(S), we have canonical equivalences

(2.1.4) v~ nfnt A0t e

2.1.5. Purity equivalences. For f: X — S a smooth morphism with sheaf of relative differentials
2y, we have canonical equivalences

(2.1.6) e and fix~ XY,

Suppose that s: Z — X is a closed immersion such that the composite g = f o s is smooth.
Combining (2.1.4) and (2.1.6), we obtain equivalences

(2.1.7) s'f*~ 2 Neg*  and J4ss g 2N

where N is the conormal sheaf of s. The equivalences (2.1.6) and (2.1.7) are called the purity
equivalences. Note that we have equivalences of perfect complexes Qf ~ £, and N,[1] >~ L, so
that we can write £ ~ %45 and 3~ Ns ~ $%s,

2.1.8. Twisted cohomology. A motivic spectrum E € SH(S) gives rise to various (co)homology
theories for S-schemes, which can be twisted by K-theory classes. Let p: X — S be a morphism?
and let £ € K(X). We will consider the following mapping spaces:

(1) The &-twisted cohomology of X with coefficients in E is
E(X, €) = Maps(1s, p.2p"E).
(2) The ¢-twisted Borel-Moore homology of X with coefficients in E is
EPM(X/8,€) = Maps(1s,p. 5~ *p'E).
We omit the second parameter when £ = 0. Moreover, it is understood that an element { € K(X)
is allowed to twist the cohomology of any X-scheme: if f: X’ — X is a morphism, we will often
write E(X’,£) instead of E(X’, f*£), and similarly for Borel-Moore homology. There are also

twisted versions of compactly supported cohomology and of homology (see [DJK18, Definition
2.2.1]), but we shall not use these theories in this paper.

Remark 2.1.9. In what follows, we often fix a motivic spectrum E € SH(S) and talk about E-
cohomology spaces in the interest of readability. However, E-cohomology spaces can generally
be replaced by the corresponding endofunctors of SH(S). In particular, the naturality in E of
all constructions and statements will be implicit.

2.1.10. Twisted motives. One can also define various twised motives in SH(S): if p: X — S is
a morphism and & € K(X), we let

Ms(X,€) =pSp'ls and MEM(X, &) = p = *p*1s.

For every E € SH(S), we have
EPM(X/S, =€) ~ Maps(Mg™ (X, €), B)

2\Whenever the functors py or p' are used, it is implicitly assumed that p is locally of finite type.
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by adjunction. The relationship between Mg(X, ¢) and cohomology is more subtle. There is a
canonical map p*E — Hom(p'1g, p'E) adjoint to the composite

counit

p(P'E®@p'ls) ~E@pp'ls =5 E® 1s ~ E.
Applying Maps(2¢1x, —), we obtain a canonical map
E(X, —§) — Maps(Ms(X, ), E);

it is an equivalence when X is smooth over S by purity (2.1.6), whence when X is cdh-locally
smooth since motivic spectra satisfy cdh descent [Cisl3, Proposition 3.7]. However, it is not
known to be an equivalence in general.

2.1.11. Functoriality. The cohomology space E(X,€) is contravariant in the pair (X, ). More
precisely, if (Schs) jx — Schs denotes the Cartesian fibration classified by K: Schg” — Spc, then
(X,€) = E(X,§) is a contravariant functor on (Schg), k. In particular, for every S-morphism
f:Y = X, there is a pullback map

[T EX ) = E(Y, f7€)
induced by the unit transformation id — f, f*.

On the other hand, Borel-Moore homology EBM(X/S, ) is covariant in (X, ¢) for proper
maps and contravariant in (X, &) for étale maps. This bivariance can be expressed coherently
using the oo-category of correspondences Corr((Schs),k, prop,ét). In addition, Borel-Moore
homology is contravariantly functorial in the base S. In particular, for a morphism f: S’ — S,
there is a base change map

[ EPM(X/S,€) — EPM(X xg S'/8/, 71¢)

induced by the exchange transformations Ex* and Ex*.

2.1.12. Cohomology with support. Let X be an S-scheme, ¢: Y — X an immersion, and £ €
K(Y). The &-twisted cohomology of X with support in Y is

Ey (X, ) = Maps(1s, p.i2%'p*E).

Given a Cartesian square

Y L X

Ll

Yot X,
the unit transformation id — g¢.g* and the exchange transformations Ex*': g*i' — j'f* and
Exiy: 119+ — f+j1 define a transformation

D O

which induces a pullback in cohomology with support

(2.1.13) [T Ev(X,§) = Ev/ (X', g7).

If k: V — Y is another immersion, we also have a “forgetful” map
(2.1.14) Ev(X,k*¢) —» Ey(X, &)
induced by the counit transformation kik' — id.
If Y is closed in X and both are smooth over a common base, we have a purity equivalence
(2.1.15) Ev(X,¢&) ~E(Y, £ —N;)
by (2.1.7).
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2.1.16. Localization. Suppose that we have a diagram in Schg
Z45X4U

where ¢ is a closed immersion and j is the complementary open immersion, and let £ € K(X).
Then the localization sequence

ii' — id — j.j*
gives the fiber sequence
(2.1.17) Ez(X,i*¢) = E(X,¢) = E(U, j*¢).
Dually, the localization sequence
Gt = id — 0,0
gives the fiber sequence

(2.1.18) Eu(X,j*¢) —» E(X, &) — E(Z,i*¢).

In Borel-Moore homology, we similarly obtain the fiber sequence

EPM(Z/8,i*¢) — EPM(X/S, ¢) — EPM(U/S, j*¢).

2.1.19. Descent properties. Recall that the functor
Schg” — Fun(SH(S),SH(S)), (p: X = S) — p.p”,

is an Al-invariant cdh-sheaf on Schg [Cis13, Proposition 3.7]. Consequently, cohomology is
an Al-invariant cdh-sheaf and Borel-Moore homology is a Nisnevich sheaf. In particular, if
f: X = Y is an Al-cdh-equivalence (i.e., f induces an equivalence between the associated
Al invariant cdh sheaves) and ¢ € K(Y), then the induced map

[T E(Y,§) = E(X,§)
is an equivalence.

In fact, we have the following more precise excision properties. Let Y C X be a subscheme
and f: X’ — X a morphism such that f~1(Y) ~ Y. For any ¢ € K(Y), the pullback

[ Ey(X,€) = Ev(X,€)
is an equivalence under either of the following conditions:

e f is smooth and Y is closed (Nisnevich excision);
e f is proper and Y is open (excision for abstract blowups).

This follows directly from the definition of f* given in 2.1.12.

2.1.20. Products. Suppose that E € SH(S) is equipped with a multiplication y: E® E — E.
This induces various products in cohomology and in Borel-Moore homology:

(1) For any S-scheme X, subschemes Z,7Z’ C X, and K-theory classes £ € K(Z) and & €
K(Z'), we have the usual cup product

e EZ(Xa 5) X EZ’(X,gl) — EZﬁZ’(va + £I)7 (x,y) —a U Y.

(2) For any S-scheme X, subschemes T C Z C X, and K-theory classes £ € K(Z) and
¢ € K(T), we have the refined cup product

7i: Ez(X, &) x Ep(Z,¢) = En(X, &+ ).



FRAMED TRANSFERS AND MOTIVIC FUNDAMENTAL CLASSES 9

We refer to [Dég18b, 1.2.8] for the definition. This refines the cup product from (1) as
follows: there is a commutative square

idxs*

Ez(X,f) X Ez/(X,fl) —_— Ez(X7§) X EZQZ’(Z7£/)

i'*xidl T lﬁ
\
Eznz (Z',€) x Bz (X, £) ——=— Eznz (X, £+ ),

m

where ¢: Z < X and ': Z' < X are the inclusions.
(3) Suppose Z — Y — X are S-morphisms locally of finite type and let ¢ € K(Z) and
¢ € K(Y). Then we have the composition product

M EPM(Z)Y, €) x EPY(Y/X,€) = EPN(Z/X, 64 Q) (20) > 2y
We refer to [Dégl8a, 1.2.8] for the definition.

Of course, the cup product and the composition product are associative or unital (up to homo-
topy) if the multiplication on E is.

2.1.21. Borel-Moore homology as cohomology with support. Let f: Z — S be a morphism locally
of finite type. We say that f is smoothable if there exists a factorization

Z 3 X
Kl”
S

where ¢ is a closed immersion and p is smooth. For example, if S has the resolution property
(i.e., every finitely generated quasi-coherent sheaf is a quotient of a locally free sheaf of finite
rank), then every quasi-projective morphism f: Z — S is smoothable.

In the above situation, if E € SH(S) and £ € K(Z), the purity equivalence (2.1.6) induces a
canonical equivalence

(2.1.22) EPM(Z/S,€) ~ Ez(X, Qx5 — €).

We record the following compatibility properties of the equivalence (2.1.22), which follow easily
from the definitions. We state them without twists for simplicity.

(1) Base change. The equivalence (2.1.22) is contravariantly functorial in S.
(2) Pushforwards. Consider a commutative diagram

T*,v

| Is

Z——X
\ lf
S
where f and g are smooth, h is proper, and ¢ and k are closed immersions. Then the
following diagram commutes:

EBM(T/S) — /= EBM(7/S)

=| B

Er(Y,Qy/s) —— Ez(X, Qx/s).

Here, h, is the proper pushforward and ¢ is the Gysin map induced by the purity
equivalence for g (see 2.2.3 for the definition of gy in a more general context). As a special
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case, if t: W < Z is a closed immersion, then the proper pushforward ¢, : EBM(W/S) —
EBM(Z/S) is identified with the forgetful map Ew (X, Qx/s) — Ez(X, Qx/s).
(3) Products. Suppose that E is equipped with a multiplication p: EQ E — E, and consider

a commutative diagram
T ——

|

|

X

N +— <
Q

/1

S

where the vertical maps are smooth, the horizontal maps are closed immersions, and
the square is Cartesian. Then the following diagram commutes:

EBM(T/7) x EBM(Z/S) — s EBM(T/S)
ET(V, QV/Z) X Ez(X7 QX/S) ~

idxq*l

ET(V,Qy/z) x Ev(Y,q¢" Qx/s) - Et(Y,Qy/s).

2.2. Fundamental classes.

2.2.1.  'We briefly recall the formalism of fundamental classes from [DJK18]. Let f: X =Y be
a smoothable lci morphism. The fundamental class of f is a canonical element

np € molBM(X/Y, L) = mo Maps(X°71x, f'1y).
The associated purity transformation
pro XS f
is defined as the composition
id
B9 fH(B) = £ 1x @ F1(B) 55 f1(1v) @ f1(B) = f{(1y 9 B) = f(E),

where the last morphism is the canonical one (see for example [DJK18, 2.1.10]). The following
proposition summarizes the key properties of fundamental classes:

Proposition 2.2.2.

(i) Let f: X =Y and g: Y — Z be lci morphisms such that g, go f, and hence f are smoothable.
Then the following diagram commutes:

eeet(go ) 5 (go f)

L prfagr PIPe gl
Here, the left vertical arrow uses the equivalence Lgor ~ f*(Lg) + Ly in K(X) induced by the
canonical cofiber sequence f*(L4) — Lgor — Ly in Perf(X).

(ii) Given a tor-independent Cartesian square

v

X 25X

bl

u

Y —25Y
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where [ is lci and smoothable, the following diagrams commute:

p p
’U*E'Cff* ! U*f! U!zﬁff* ! U!f!
J{ﬁ lEx*! TEX*! TZ

. p p
YEogru* —2 g'u*, YEogrut —2 g'u'.

Here, the left vertical arrows use the equivalence v*(Ly) ~ L, in Perf(X').
(iil) If f: X — S is smooth, then ps: X°f f* — f' coincides with the purity equivalence (2.1.6).

Proof. For assertions (i) and (ii), see [DJK18, Propositions 2.5.4 and 2.5.6]. Assertion (iii) holds
by construction of 7y, see [DJK18, Theorem 3.3.2(1)]. O

As a consequence of Proposition 2.2.2(i,iii), if f: X — S is smooth and i: Z < X is a closed
immersion such that f o4 is smooth, the transformation

coincides with the purity equivalence (2.1.7).

2.2.3. Gysin maps in cohomology. Consider a commutative square of S-schemes

Z X

b

T %Y,
where f is smoothable and lci, i and k are closed immersions, and g is proper.
¢ € K(T), we have a pushforward morphism or Gysin map
(2.2.4) fir Ez(X, "¢ +1i"Ly) = Ep(Y, ),

defined by the composition

For every

T SR RIS AL SUS T PNY ML 3 RN 3 31 2
Let us emphasize two special cases:

(1) If i: Z — X is a regular closed immersion and ¢ € K(Z), we have the Gysin map
i: B(Z,&) = Ez(X, € — £;), which generalizes the equivalence (2.1.15).
(2) If f: X = Y is smoothable, lci, and proper, and if £ € K(Y), we have the Gysin map
fii B(X, f*6 + £7) = B(Y,£).
Properties (i) and (ii) of Proposition 2.2.2 imply obvious compatibilities of these Gysin maps

with composition and pullback.

2.2.5. Gysin maps in Borel-Moore homology. Let f: X — Y be a smoothable lci S-morphism.
For every £ € K(Y), there is a pullback morphism or Gysin map

o EPM(Y /S, &) — EBM(X/S, f¢+ L),
defined by the composition
PRI 3 N D St ALY LI sl A

Properties (i) and (ii) of Proposition 2.2.2 imply obvious compatibilities of these Gysin maps
with composition, proper pushforward, and tor-independent base change.

3More generally, it suffices to assume that ¢ and k are immersions and that the scheme-theoretic image of Z
in X is proper over Y, so that f«i; ~ fi4;. This makes (2.1.14) a special case of (2.2.4).
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Remark 2.2.6. We use the notation f; and f' for Gysin maps, rather than f, and f*, as a visual
reminder that these maps use the purity transformation py. It does not indicate a particular
relation to the functors f; and f'.

2.2.7. Functoriality. If M is a collection of morphisms of schemes that is closed under tor-
independent base change, we let

Fun{?™™(A!, Sch) € Fun(A', Sch)

be the subcategory whose objects are the morphisms in M and whose morphisms are the tor-
independent Cartesian squares. By Proposition 2.2.2(ii), the assignment f + 7; is a section of
the Cartesian fibration classified by the functor

Fun® "™ (A! Sch)®? — 7<oSpe,  (f: X = Y) = 7<o1BM(X/Y, L),

slci

where “slci” is the collection of smoothable lci morphisms.

We expect that the construction f — 1y can be refined to a section of

Funcart,rh(Al’ SCh)Op N SpC, (f X = Y) — 1BM()(/Y7 Lf)7

slci
but this is a nontrivial task because the construction of ny depends on a choice of factorization of
f. For our purposes, it will suffice to know that we do have such refinements on the subcategory
of regular immersions or that of smooth morphisms. In the case of regular closed immersions,
the construction of the fundamental class in [DJK18, §3.2] is clearly functorial, since blowing-up
commutes with tor-independent base change. The case of regular immersions follows since an
immersion factors canonically as a closed immersion followed by an open immersion. The case
of smooth morphisms can be reduced to the case of regular immersions by expressing the purity
transformation for a smooth morphism in terms of the purity transformation for its diagonal,
as in [DJK18, (2.3.4.a)].

The functoriality of the fundamental class f — n¢ propagates to the purity transformation
f + py and to the Gysin map f — fi. For example, the Gysin map for regular closed immersions
can be viewed as a natural transformation between the two functors

Fun?:;?é??imm(Alv SChS)Op - SpC,
(i: Z = X) — E(2),
(i: Z = X) = Ez(X, =L;).

2.2.8. 'We now discuss the functoriality of the commutative square of Proposition 2.2.2(i). Let
Fungy 31, \r, (A% Sch) € Fun(A?, Sch)

be the subcategory whose objects are triangles

7 Iy
fl\/‘lfo
X

with f; € M; and whose morphisms are natural transformations composed of tor-independent
Cartesian squares. By Proposition 2.2.2(i), if fo and f; are lci and smoothable, the classes 7y,
and 0y, - ng, in me1BM(Z/X, Ly,) are equal, where 7y, -y, is the composite

SEn1y 0 REL L1, 2y finfnry 2oy flly ~ iy
These equalities form a section of the functor

t,rh
Funglacri,slci,slci(A27 SCh)Op - Tg—lspca (foa f1, f2) = T<-1 MapslBM(Z/X,Lfl)(nﬁ 2y Mfa nfo)?
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This can be refined to a section of the functor

rt,mh o
Fun‘ls\/éllofMl,Mz (A27 SCh) P— Spe, (f07 fla f2) = MapslBM(Z/X,Lfl)(nfl 2y Mfa nfo)v

at least if each M; is either the class of regular immersions or that of smooth morphisms.
One can reduce as in 2.2.7 to the case of regular closed immersions, where an explicit functorial
homotopy 1y, =~ 1y, -0y, is given by a double deformation to the normal cone [DJK18, 3.2.19].

3. COMPARISON OF TRANSFERS

In this section we show that the framed transfers in cohomology provided by the motivic
recognition principle are given by Gysin maps. In §3.1, we define the fundamental transfer
associated with a tangentially framed correspondence using Gysin maps. We then introduce
in §3.2 the Voevodsky transfer associated with an equationally framed correspondence, and we
show that the Voevodsky transfer computes the fundamental transfer. Finally, in §3.3, we show
that the transfers obtained from the recognition principle agree with the Voevodsky transfer.

Throughout this section, we fix a base scheme S and a motivic spectrum E € SH(S). As
explained in Remark 2.1.9, the spectrum E is only used for readability purposes.

3.1. The fundamental transfer.

3.1.1. Recall that a tangentially framed correspondence between S-schemes X and Y is the

data of a span
Z
VN
X Y

over S, where f is finite syntomic, together with an equivalence 7: 0 >~ £ in the oo-groupoid
K(Z). We denote by Corrg(X, Y) the co-groupoid of tangentially framed correspondences from
X to Y, defined as
Corrf(X,Y) = c?lim Mapsg (z(0,£¢),
X¢—Z—Y
where the colimit is taken over the groupoid of spans with f finite syntomic.

3.1.2. Note that a finite syntomic morphism f: Z — X admits a canonical factorization
Z —— V(f.0z)
\ l
X,
which we use to define the fundamental class ny € 1BM(Z/X, Ly).

Definition 3.1.3. Let X,Y € Schg and let o = (Z, f,h,T) be a tangentially framed correspon-
dence from X toY over S. For E € SH(S), the fundamental transfer tr,(a): E(Y) — E(X) is
the composition

E(Y) 25 E(Z) 2Bz, £;) &5 BX).

Using the functoriality of f — ns described in 2.2.7, we obtain a map
tr,: Corr (X,Y) — Maps(E(Y), E(X)), a = tr,(a),

natural in (X, Y,E) € Schg” x Schg xSH(S). If X and Y are smooth over S, then by the Yoneda
lemma we obtain a map

Corr (X,Y) — Maps(ZFX,, B¥Y,),
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which we sometimes also denote by tr,,.

Remark 3.1.4. Dually, a framed correspondence « as above also induces a map

(3.1.5) Ms(X) £5 Ms(Z, —£7) £ Ms(Z) 25 Ms(Y)

in SH(S) (see 2.1.10 for the notation Mg(X, ¢)). By unpacking the definitions, it is easy to show
that the natural transformation E(—) — Maps(Mg(—),E) on S-schemes is also natural with
respect to Gysin maps. In particular, if X and Y (but not necessarily Z) are cdh-locally smooth
over S, applying Maps(—, E) to (3.1.5) yields the fundamental transfer tr,(a): E(Y) — E(X).

3.1.6. Ezample: the action of K-theory. The co-groupoid Corr(S,S) contains QK(S) as a full
subgroupoid. By construction, the composite

try

QK(S) c Corr(S,S) —% End(1g)
is the action of QK(S) on 1g induced by the motivic J-homomorphism K(S) — SH(S).

If S is a regular semilocal scheme over a field of characteristic not 2, my1g(S) is isomorphic to
the Grothendieck—-Witt group GW(S) of nondegenerate symmetric bilinear forms over S [BH18,
Lemma 10.12]. This isomorphism is such that the J-homomorphism

O(S)* ~ K;(S) — mo End(1g) ~ GW(S)

sends a unit a to the class (a) of the bilinear form (z,y) — axy.

3.1.7. Example: finite étale transfers. There is a canonical map Corrgét(X, Y) — Corrfsr(X,Y),

sending a span
Z
VRN
X Y

with f finite étale to the same span equipped with the canonical trivialization of L.
If S is a regular semilocal scheme over a field of characteristic not 2 and « is the finite étale
correspondence S Lol T, the transfer
tr,(a): GW(T) - GW(S)

is the Scharlau transfer associated with the canonical trace Trp/g: O(T) — O(S). Indeed, one
is reduced to the case of a field extension using the Gersten resolution for Grothendieck—Witt
groups [Bal05, Theorem 100], and in that case the claim was proved in [Hoy14, §5].

3.1.8. The oriented case. Suppose given a retraction diagram
ESMGL®E S E, pou~idg,

in SH(S); such a diagram exists if E is an MGL-module in the homotopy category hSH(S), and
it is given if E is an MGL-module in SH(S). Then the fundamental transfers in E-cohomology
are independent of the tangential framings. More precisely, given X,Y € Schg, there is a
canonical factorization

Corrf (X, Y) — Maps(E(Y), E(X)).
forgetl ,/”/?
Corrgsyn (X,Y)
This follows at once from the fact that the MGL-linearized J-homomorphism
K(S) — SH(S), ¢+ XMGL
factors through the rank map rk: K — Z [BH18, §16.2].
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3.2. The Voevodsky transfer.

3.2.1. Let X and Y be S-schemes and let o € Corrgfr’”(X,Y) be an equationally framed
correspondence of level n from X to Y [EHK'19, Definition 2.1.2]. We display « as the diagram

N

(3.2.2) A} «—— 7 A" XY
”i / x TO
X Y,

where f is finite, u is an étale neighborhood of Z in A%, 0 is the zero section, and the right-hand
square is Cartesian.

We will denote by P*™ the n-fold product (P1)*", regarded as a compactification of A",
and by OP*™ C P*" the complementary reduced closed subscheme that is the union of the
“faces” P*11 x {oo} x PXni:

AL L P 2 gpEn.
X

Definition 3.2.3. Let X,Y € Schg and let a € Corrgfr’"(X, Y) be the equationally framed
correspondence (3.2.2). For E € SH(S), the Voevodsky transfer try(a): E(Y) — E(X) is the
composition
E(Y) ~ By (A%, 0") 225 5, (U, 0") ~ B (PX", 07)
— Eap (P¥",0")  Ex(PX",0") ~ E(X).

Here, the maps Ez(Px", 0") — Eay (PX",0") <= Ex(Px", 0") are instances of (2.1.14). To
see that the latter is an equivalence, first note that it fits in the diagram

Ex(P",0") —— E(PL",0") —— E(PL" — 0x,0™)
Ji |
Ear (Px",0") —— E(Pg",0") —— E(0P",0"),

where the rows are the fiber sequences (2.1.17) and (2.1.18). By 2.1.19, the claim then follows
from the following lemma:

Lemma 3.2.4. The inclusion OP*™ C P*™ — 0 is an A'-cdh-equivalence over Spec Z.

Proof. We consider the commutative square of inclusions in PSh(Sch):

U?:1 (Pxi—l % {oo} x P><n—i) opxn

| |

U?:l (Pxi—l x (Pl _ O) X Pxn—i) s PxXn_y.

The upper horizontal map is a covering sieve in the closed topology, the lower horizontal map is
a covering sieve in the open topology, and the left vertical map is the colimit of an n-dimensional
cube of Al'-homotopy equivalences. In particular, these three maps are A'-cdh-equivalences,
hence so is the right vertical map. (]
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Remark 3.2.5. In general, U is an algebraic space and not a scheme, but this does not matter.
Indeed, the inclusion of schemes into (Zariski-locally quasi-separated) algebraic spaces induces
an equivalence between the oo-categories of Nisnevich sheaves, by [GRT71, Proposition 5.7.6].
As a result, we may tacitly extend any Nisnevich sheaf, such as E(—) or SH(—), to algebraic
spaces. However, we can assume that U is a scheme in many cases [EHK'19, Lemma A.1.2(iv)].

3.2.6. By Voevodsky’s Lemma [EHK 19, Corollary A.1.7], the equationally framed correspon-
dence « is equivalently a morphism of pointed presheaves X3 X, — Ly XY . Explicitly, it is
given by the following zig-zag in PSh(Schg).:

pPg" P" o U (pg, A}

3.2.7 nX, = =X &
(327) PR TGP P -z U-Z AT —0

Here, 9P*" C P*™ is the subpresheaf defined as the union
P = | J (P71 x {oo} x PX"77)
i=1
the first map is the collapse map, and the wrong-way maps are Nisnevich-local equivalences.
The Voevodsky transfer try(a): E(Y) — E(X) is then equivalent to applying (the right Kan
extension of) the functor E(—, 0™) to the composite (3.2.7).

In particular, if X and Y are smooth over S, then (3.2.7) induces a morphism ¥FX, — LY,
in SH(S), which gives the Voevodsky transfer upon applying Maps(—, E).
3.2.8. For every n > 0, Definition 3.2.3 gives a map
try: Corrd™"(X,Y) — Maps(E(Y), E(X)).

Using for instance (3.2.7), it is clear that this map is natural in (X, Y) € Schg” x Schg. Moreover,
by [EHK'19, Remark 2.1.6], the triangles

CorrS™™(X,Y) —— Maps(E(Y), E(X))

g
J{ trv

Corrd™" (X, Y)

naturally commute (here o is the suspension morphism [EHK 19, 2.1.4]). Passing to the colimit
gives a natural map
try: Corrd™ (X, Y) — Maps(E(Y), E(X)).

If we let X vary, note that Maps(E(Y),E(—)): Schs” — Spc is an Al-invariant cdh sheaf.
If Y is smooth over S, the forgetful map Corrgfr(f, Y) — Corrgr(f, Y) is a motivic equivalence
[EHK*19, Corollary 2.3.27]. In that case, therefore, the Voevodsky transfer factors through
the oco-groupoid of tangentially framed correspondences, inducing a morphism

(3.2.9) try: Corr (X, Y) — Maps(E(Y), E(X)).

3.2.10. We now prove that the Voevodsky transfer agrees with the fundamental transfer of
Definition 3.1.3.

Theorem 3.2.11. Let X,Y € Schs and E € SH(S). Then the triangle

Corrg™ (X, Y) —=5 Maps(E(Y), E(X))

fi t
orge l %

Corr (X,Y)
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commutes, naturally in E, X, and Y. In particular, if Y is smooth over S, then the Voevodsky
transfer (3.2.9) coincides with the fundamental transfer.

Proof. Let a be an equationally framed correspondence as in (3.2.2), and let 7: 0 >~ L be the
induced trivialization in K(Z). We must show that the following diagram commutes:

E(Y) —=— Ey(AY,07)

h* l(w,y)*
E(Z) Ez(U,0")
E(Z,Ly) Ez(PZ",0™)

; Eay (PX",07)

E(X) —=— Ex(PX", 0m).

To do so, we subdivide this diagram as follows:

0,

(3.2.12) E(Z, L d Ez(PX",0™)

)\ — |

fi E(PL", Lz) «— Eap (PL",0m)
/ (5) \ T
E(X) Ex(PZ",0m).

The rectangle (1) commutes by the base change property of Gysin maps (Proposition 2.2.2(ii))
applied to the Cartesian square

7 —nM Ly

i lo

U 29 An sy,

which is tor-independent since i is a regular immersion of codimension n. Thus, the unnamed
equivalence in (1) is induced by the isomorphism N; ~ h*(Ny) ~ O™. This isomorphism also
induces the trivialization 7, whence the commutativiy of the square (2). The triangles (3), (4),
and (5) all commute by the compatibility of Gysin maps with composition (Proposition 2.2.2(1)),
where the commutativity of (5) means that going around starting from the lower left corner
gives the identity.

To conclude the proof, we must show that the diagram (3.2.12) can be promoted to a functor
of the triple (X,Y, «). This follows from the functoriality properties of Gysin maps discussed in
2.2.7 and 2.2.8. For the triangle (4), we must recall that the fundamental class ny was defined
using the canonical factorization Z — V(f,0z) — X. The commutativity of (4) can be made
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V(f.0z) +—— V(f.0z) x P*" —— PL"

\)j{

in which the upper three maps are regular closed immersions and the other five are smooth.
This concludes the proof of the theorem. O

functorial using the triangles

3.3. The transfer from the recognition principle.

3.3.1. Recall that there is an co-category Corr" (Smg) whose objects are smooth S-schemes
and whose mapping spaces are the co-groupoids Corr 5 (X,Y), which gives rise to the co-category
SHfr(S) of framed motivic spectra [EHK™19, §3]. The “graph” functor

~v: Smgy — Corr'™(Sms), (f: Xy — Y4) > (X< 1Y) L),

induces an adjunction
v*: SH(S) = SH™(S) : 7.

such that the following square commutes:

Smg, —— Corr'"(Smg)

E?lf’l lE?ﬁﬁ

SH(S) — X SH"(S).

By the reconstruction theorem [Hoy18, Theorem 16], the functor 4*: SH(S) — SH™(S) is
an equivalence of oco-categories. It follows that E-cohomology of smooth S-schemes acquires
canonical framed transfers:

Smg’ _FE Spc.

’Yl /,/’/
Corr' (Sms)

The goal of this section is to show that these transfers coincide with the Voevodsky transfers,
hence with the fundamental transfers.

3.3.2. We need a technical preliminary result, which we formulate in a more general context.

Let C be a presentably symmetric monoidal oo-category and let T € C be an object. For
any presentable C-module M, we have an adjunction

ET :M=M: QT
where ¥ = T ® (—). We can then form the diagram
N x N — Fun(M, M), (m,n)— QpLQEEEYE,

where the transition maps use the unit transformation id — Q1Y and (in one direction) the
cyclic permutations LpXif o~ X3t and QFQr ~ QpQF

We denote by Sptp(M) the co-category of T-spectra in M, defined as the limit
Sptep (M) = hm( C M 2T O M)
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We have an adjunction
ST M 2 Sptp(M) : QF,
where QO is the projection to the last copy of M. If Q1 preserves sequential colimits, then

QT XTF ~ colim QX

Lemma 3.3.3. With the above notation, suppose that Q1 : M — M preserves sequential colimits
and that the cyclic permutation of T®™ is homotopic to the identity for some n > 2. Then the
natural transformations

QFEP ~ co})im QXL — C(;)liqm QLOQLELNE,

OFETF ~ co}lim Qixl — c%liqm QZEOXB IS 318

between endofunctors of M are homotopic equivalences.

Proof. We have a commutative diagram
=y Fo
M —— Spty(M) F:; Sptr(Sptr(M)),
1
where Fo = X and Fy = Sptp(E5). Let G; be the right adjoint to F; and u;: id — G;F; the

unit transformation. Then the given natural transformations are Q3u;XF for i =0, 1.

By the assumption on T, the functor Spt(—) is a left localization of the oco-category of
presentable C-modules [Rob15, Corollary 2.22]. This implies that Fy and F; are equivalences
and moreover that there is a natural equivalence o: Fg ~ F; such that X5 is the identity. In
particular, the unit transformations u; are equivalences, and « and its mate Gy ~ G; give the
desired homotopy. O

3.3.4. We now prove that the Voevodsky transfer coincides with the transfer coming from the
reconstruction theorem. For X,Y € Smg, we can regard the Voevodsky transfer as a map
(3.3.5) try : Corr§™ (X, Y) — Mapsgps) (SF X4, DFY ),

sending the equationally framed correspondence (3.2.2) to the composite (3.2.7). Since Y is
smooth, this map factors through the oo-groupoid Corrg(X, Y).

Theorem 3.3.6. For X,Y € Smyg, the following diagram commutes, naturally in X and Y:

Corrff (X, Y) —=— Maps(EX ., 5FY,)

- "
o, ol

Maps(V*EF X4, v EFY4).

Proof. Recall the endofunctors hgfr’" and h§" of PShy(Smg). defined in [EHK*19, 2.1.10]. By
Voevodsky’s Lemma, there is a canonical transformation

h$™™ — QB Ly X : PShy(Smg). — PShy(Sms).,

extending an equivalence on representables. Composing with Ly;s — Lpos and taking the
colimit over n, we obtain a transformation

h§™ — QF SF Linot,
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which extends (3.3.5) to pointed presheaves. We will prove more generally that the following
diagram of endofunctors of PShy(Smg), commutes:

hg" —————— OFSF Lot

| Jo

(3.3.7) hfr Q7.7 25 Linot

| -

unit
W*V*Lmot ” V*Q%frZ%frv*Lmot.

Since hgfr is by definition the left Kan extension of its restriction to Smgy, it suffices to show
that the diagram commutes on Smg. Recall that the unit map id — v,v* ~ h‘ér factors as

id — hg" — hg,
where the second map is a motivic equivalence [EHK'19, Corollary 2.3.27].

Consider the two commuting squares

. 9=0 .
colim,, hgfr’n ——= colim, 4 Q%Lmothgfr’quT

p=0
I |
colim,, Qp Lot X4 ——¢ colimy, 4 QpQp Lot X427,
where the vertical maps are induced by (3.3.5). The two upper horizontal maps can be identified
with the two composites in the diagram (3.3.7). On the other hand, the two lower horizontal
maps are equivalent by Lemma 3.3.3. It therefore suffices to show that the right vertical map
is an equivalence.

We have a commuting triangle

colimy, 2% Lot X4

LT

colimy, g Q8 LiothS" 952 — 5 colimy, 4 Q508 Lpp DLE2..

The diagonal map is an equivalence by Lemma 3.3.3. The vertical map is the unit map
QFLF — QF7.7 L, which is an equivalence since v*: SH(S) — SH™(S) is fully faithful.
Hence, the bottom horizontal map is an equivalence, as desired. O

Corollary 3.3.8. Let k be a perfect field and let F € PShy(Smg).. Then the map (3.5.5)
duces an equivalence

Lyar (Larh§™ (F))8P ~ QFEFT: Sm)P — CMonsP(Spe).

Note that we already have such an equivalence by [EHK*19, Corollary 3.5.16]. The point of
this corollary is that this equivalence is induced by Voevodsky’s Lemma, as one would expect.

Proof. If we plug F in the diagram (3.3.7), we obtain a commutative square of Fin,-objects, all
of which are &€..,-objects except the top left corner. The upper left vertical map is a motivic
equivalence by [EHK'19, Corollary 2.3.27], and so is the lower left vertical map since .v*
preserves motivic equivalences [EHK™19, Proposition 3.2.14]. The right vertical map is an
equivalence by [EHK™19, Theorem 3.5.12], and the lower horizontal map is group completion
by [EHK ™19, Corollary 3.5.10]. The commutativity of the diagram shows that (3.3.5) induces
an equivalence
(Limothf (F))%P = Mapsgp () (55 (<) 4, 25 ).
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On the other hand, the canonical map
Lzar (LAl hiﬁ (?))gp - (Lmothzfr(gj))gp

is an equivalence since the left-hand side is already Nisnevich-local and Al-invariant [EHK 19,
Corollary 3.5.16]. O

3.3.9. Combining Theorems 3.2.11 and 3.3.6 we obtain:

Theorem 3.3.10. For X,Y € Smyg, the following diagram commutes, naturally in X and Y:

Corrf (X, Y) — =2 Maps(3%X 4, 5 ,)

’:'y*
o, =l

Maps(vV*EFX 1, v*EFY ).

Corollary 3.3.11. Let X be a smooth S-scheme. Then the motivic J-homomorphism QK(X) —
End(X¥X,) coincides with the composition

pIE
QK(X) C Corr§ (X, X) —% End(E5F;X) ~ End(SFX,).

Proof. This follows immediately from Theorem 3.3.10. g

4. FINITE CORRESPONDENCES FOR MOTIVIC RING SPECTRA

In this section we introduce finite R-correspondences for a motivic ring spectrum R, gen-
eralizing the finite correspondences of Voevodsky and the finite Milnor-Witt correspondences
of Calmes and Fasel. In §4.1, we construct the homotopy category hCorr®(Smg) of finite R-
correspondences between smooth S-schemes, together with a functor to the homotopy category
of R-modules. In §4.2, we construct a functor from the category of (tangentially) framed corre-
spondences to that of finite R-correspondences and compare it with the free R-module functor.
Finally, in §4.3, we compare our constructions with those of Voevodsky and of Calmes—Fasel.

Throughout this section, S is a fixed base scheme. All S-schemes are assumed to be separated.

4.1. The category of finite R-correspondences. Given an associative ring spectrum R €
SH(S), we will construct an hSpc-enriched category hCorr®(Smg) of finite R-correspondences
between smooth S-schemes.

To motivate our construction, recall that a morphism from X to Y in Voevodsky’s category of
finite correspondences over a regular scheme S is an element of the free abelian group generated
by integral closed subschemes Z C X xg Y that are finite and surjective over a component of
X. Alternatively, we can think of a morphism in this category as a reduced closed subscheme
7Z C X xgY, each of whose irreducible components is finite and surjective over a component of
X and labeled by an integer. The category hCorr®(Smg) will admit a similar description, but
with integers replaced by Borel-Moore R-homology classes of Z over X.

4.1.1. Let S be a scheme and R € SH(S). For separated S-schemes X,Y € Schg, define
R _ . BM
Corrg (X,Y) = Z(C:g(th?Y R®Y(Z/X),

where the colimit is taken over the filtered poset of reduced subschemes Z C X xg Y that are
finite and universally open* over X. To form this colimit, we use the covariant functoriality of
Borel-Moore homology with respect to proper morphisms (see 2.1.11).

4equivalently, when X is Noetherian, universally equidimensional [SV00, Proposition 2.1.7]
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4.1.2. Suppose now that R € SH(S) is a homotopy associative ring spectrum, i.e., R is an
associative algebra in the homotopy category hSH(S). There is a map

' Mapsg(X,Y) — Corrg (X,Y)
sending an S-morphism f: X — Y to its graph I'y C X xg Y labeled by the unit element
1 € RBM(I'; /X)) ~ Maps(1x, Rx).
4.1.3. For X,Y,T € Schg, we define a composition law
(4.1.4) o: Corr?(X, Y) x Corrg(Y, T) — Corr?(X, T)

as follows. For any closed subschemes Z C X xgY and Z’ C Y xg T, finite and universally open
over X and Y respectively, we consider the 2-span

2%,
N

Let p: Z”7 — X xg T be the induced map and let Z’' 0 Z C X xg T be its reduced image. It is
clear that Z’ o Z is finite and universally open over X. We define the pairing

oBM: RBM(7/X) x RBM(Z'/Y) — REM(Z' 0 Z/X)

as the composition
REM(7/X) x REM(2//Y) 29 RBM(7/X) x RBM (2" /7)

BM
2 RBM(77/X) 25 RBM(Z 0 Z/X).

Here, uBM is the composition product (which uses the ring structure on R, see 2.1.20(3)), and
P+ is the proper pushforward in Borel-Moore homology. More succinctly,
0" (2,y) = p.(g"(y) - ).
The map (4.1.4) is then the filtered colimit over Z and Z’ of the maps %M.
Lemma 4.1.5. The composition law (4.1.4) is unital and associative up to homotopy, with

identity TR (idg) € Corrg (X, X).

Proof. Let Xy, X5, X3 and X4 be smooth S-schemes, and let Z; ;11 C X; Xg X;41 be reduced
subschemes, finite and universally open over X;. Let z; € RBM(Z; ;1 ,/X;) for each 1 < i < 3.
Consider the diagram

Z1234

7123 234

Za3

NN
/NS

Z12 Z34
Xa X3
where the squares are Cartesian. It suffices to note that the two possible ways of composing
the z;’s are both equal to

X1 X4

p*(h*(m) '9*(1‘2) '331)7
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where g: Z1o — Xo, h: Z123 — X3, and p: Zy934 — Z34 © Za3z 0 Z12. This follows directly from
the properties of the composition product listed in [Dégl8a, 1.2.8]. The fact that T'®(idx) is
the identity is trivial. 0

4.1.6. The category of finite R-correspondences. In view of Lemma 4.1.5, we can define a cate-
gory hCorr®(Schg) as follows:

The objects of hCorr®(Schg) are separated S-schemes.

The set of morphisms from X to Y is moCorrg (X,Y).

The identity morphism at X is [[®(idx)] € moCorrg (X, X).

The composition law is given by 7y of the composition law (4.1.4).

It is moreover easy to show that the morphisms I'® defined in 4.1.2 assemble into a functor
I'®: Schg — hCorr®(Schg).
For any full subcategory C C Schg, we denote by hCorr®(C) the corresponding full subcat-
egory of hCorr®(Schg).

Remark 4.1.7. By construction, hCorr®(C) is enriched in the homotopy category hSpc. If R
is an A-ring spectrum, we expect that with more effort one can construct an oo-category
Corr®?(C) with mapping spaces COI"I‘?(X,Y), whose homotopy category is hCorr®(C); this
explains our notation for the latter category. In our two main examples, when C is the category
of smooth schemes over a field and R = HZ or R = HZ, we will see that the spaces Corry (X,Y)
are always discrete, so that Corr®(C) = hCorr®(C).

4.1.8. We note that the category hCorr®(Schg) is semiadditive, with the sum given by the
disjoint union of schemes. In fact, we have canonical equivalences of spaces
Corrg (X, 0) =~ * =~ Corrg (0, Y),
Corr§ (X, Y1 UYs) ~ Corr§ (X, Yy) x Corr§ (X, Y3),
Corrg (X U Xz,Y) ~ Corrg(X;,Y) x Corrg (Xa, Y).

Remark 4.1.9. In general, Corr§ (—,Y) is not a Nisnevich sheaf. Indeed, Calmes and Fasel show

in [CF17, Example 5.12] that Corrg?(—, AL — {0,1}) is not a Nisnevich sheaf.

4.1.10. The functor to R-modules. For R € SH(S) a homotopy associative ring spectrum, we
define a functor

M®: hCorr®(Smg) — Modg (hSH(S)), X+ R®IFX,.

We shall use the fact that the four functors f*, f,, fi, and f' preserve R-modules, in the sense
that they lift canonically from hSH(—) to Modg (hSH(—)).

Let Z C X xgY and o € RBM(Z/X) define a finite R-correspondence from X to Y. Consider

the diagram
Z
N
X Y
N o
S.

As in 2.2.1, o gives rise to a natural transformation

a: f* — f': Modg (hSH(X)) — Modg (hSH(Z)).
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The functor M® then sends (Z, @) to the composition

unit counit |

R®YETX, ~ pp'R 25 plf*f*p!R = p;fgf!pIR ~ qlggg!q!R — ¢ R~R®EFY,.
Compatibility with composition is a straightforward verification.

Remark 4.1.11. If R is an A.-ring spectrum, then the four functors f*, f., fi, and f' lift
canonically from SH(—) to Modg(SH(—)), and the above construction actually defines an
hSpc-enriched functor

M®: hCorr®(Smg) — hModg (SH(S)).

Following Remark 4.1.7, we expect that it can be refined to a functor of co-categories

MR: Corr®(Smg) — Modg (SH(S)).

4.1.12. The symmetric monoidal structure. Let R € SH(S) be a homotopy commutative ring
spectrum. Then the category hCorr®(Schg) acquires a symmetric monoidal structure given on
objects by X® Y = X xg Y. On morphisms, one uses the external pairing

RBM(7Z/X) x RBM(Z//X") — RBM(Z x5 7' /X x5 X).

The compatibility between this pairing and composition of finite R-correspondences uses the
commutativity of R. Furthermore, the functor M®: hCorr®(Smg) — Modg (hSH(S)) admits
a canonical symmetric monoidal structure. We omit the somewhat tedious details.

Remark 4.1.13. If R is an &,,41-ring spectrum (1 < n < 00), we expect an €,,-monoidal structure
on the oo-category Corr®(Smg) and on the functor M®: Corr®(Smg) — Modg (SH(S)) (see
Remark 4.1.11).

4.1.14. We can express finite R-correspondences in terms of twisted cohomology with support.
Let Z C X xXgY be a reduced subscheme that is finite and universally open over X, and assume
that Y is smooth over S. As explained in 2.1.21, there is a canonical equivalence

(4.1.15) RPM(Z/X) ~ Rz (X x5 Y, 15 Qy s),

where my : XxgY — Y is the projection. This equivalence is moreover natural in Z by 2.1.21(2),
so that

R ~ . *
Corrg(X,Y) ~ Zg(g(thSlY Rz(X xs Y, myQy/s).

Ezxample 4.1.16. Suppose that S is regular Noetherian and let X, Y € Smg. Then KGLBM(Z/X)
is the G-theory space G(Z), and hence

KGL _ -
Corrg " (X,Y) = Zg(;{h)gly G(Z).

Alternatively, by (4.1.15) and the continuity of K-theory, CorrgGL(X,Y) is the K-theory space
of the stable co-category of perfect complexes on X xgY supported on a subscheme finite and
equidimensional over X.

4.1.17. We observe that the notion of finite R-correspondence between smooth S-schemes
depends only on the very effective cover of R (in the sense of Spitzweck—Qstveer [SO12]).

Proposition 4.1.18. Let So be a Noetherian scheme of finite Krull dimension with perfect
residue fields and let R € SH(Sy). Then the very effective cover foR — R induces an equivalence

CorrgoR(X, Y) ~ CorrSR(X, Y)

for every essentially smooth So-scheme S and every X, Y € Smg.
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Proof. Tt will suffice to show that the map
(foR)PM(2/X) — RPM(Z/X)

is an equivalence for every X € Smg and every finite smoothable morphism Z — X. By standard
limit arguments, we can reduce to the case S = Sg. By (2.1.22), it is enough to show that the
map (foR)z(V,€) — Ry(V,€) is an equivalence for every V € Smg, £ € K(V) of rank r, and
Z C V fiberwise of codimension > r. Since the question is local on V, we can assume that £ is
pulled back from S, so that

Rz(V, &) = Mapsggs) (57 (V/V — Z),5°R)

and similarly for foR. Since f,X¢R ~ Y fyR, it remains to show that EF(V/V = Z) is very
r-effective. By [BH18, Proposition B.3] and the assumptions on S, we may assume that S is
the spectrum of a perfect field. In this case, Z admits a finite stratification by smooth schemes
and the result is easily proved by induction using the purity isomorphism. O

4.1.19. In case k is a field and R = HZ or R = HZ, the hypothetical co-category Corr®(Smy,)
happens to be a 1-category, i.e., it is equivalent to its homotopy category hCorr®(Smy). This
is a special case of the following proposition. We refer to [Bacl7, Section 3] for the definition
of the effective homotopy t-structure.

Proposition 4.1.20. Let k be a perfect field and let R € SH(k) be a motivic spectrum in
the heart of the effective homotopy t-structure. For any essentially smooth k-scheme S and
X,Y € Smg, the oo-groupoid Corrg”(X, Y) is discrete.

Proof. Using the description of CorrSR(X, Y) given in 4.1.14, it suffices to show that the oo-
groupoid

Rz(X xsY,nyQy/s)
is discrete for any Z C X xg Y finite over X. By a standard limit argument, we can assume
that S is smooth over k. The result then follows from Lemma 4.1.21 below. O

Lemma 4.1.21. Let k be a perfect field, V a smooth k-scheme, £ € K(V), and Z C 'V a closed
subscheme of codimension > rk&. Let R € SH(k) be a motivic spectrum in the heart of the
effective homotopy t-structure. Then the co-groupoid Ry (V, &) is discrete.

Proof. Suppose first that Z is smooth. We then have the purity equivalence (2.1.15)
Rz(V,§) ~ R(Z,§ — Nz/x).

Let ¢ = § —Nz/x. By the assumption on §, we have rk( < 0. The assumption on R means
that R is right orthogonal to SHC;l(k) Since Z is smooth, Ry € SH(Z) is right orthogonal
to SHe;fl(Z), hence so is ¥¢Ryz, because ¥ ¢ is a right t-exact endomorphism of SH*(Z). Tt
follows at once that R(Z, () = Mapsgy z)(1z, Y¢Ryz) is discrete.

If Z is an arbitrary closed subscheme, we can assume that it is reduced since cohomology
with support only depends on Z,eq. We will prove the claim by induction on the dimension of
Z. 1f 7 is empty, then Rz(V, &) is contractible. Otherwise, since k is perfect, Z is generically
smooth, so there is a reduced closed subscheme Z; C Z of strictly smaller dimension such that
Z — 71 is smooth. By (2.1.17), we have a fiber sequence (of grouplike €..-spaces)

Rz, (V,&) = Rz(V,€) = Rz_z,(V — Z1,§).

By the induction hypothesis, Rz, (V, &) is discrete since rk¢ < codim(Z,V) < codim(Z, V).
Since Z — 71 is smooth, we have already proven that Rz_z, (V — Z1,&) is discrete. It follows
that Rz(V, &) is also discrete. O
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Remark 4.1.22. The converse of Proposition 4.1.20 also holds trivially: if Corrl,j(X, Y) is discrete
for all X,Y € Smy, then in particular R(X) ~ Corry (X, Speck) is discrete for all X € Smy,
ie., foR belongs to the heart of the effective homotopy t¢-structure. Thus, the hypothetical
oo-category Corr®(Smy) is a 1-category if and only if foR € SHEH(I@)O, in which case R is
necessarily an algebra over ﬂgﬂ(l) ~HZ. In particular, for more general R, there is no hope to
recover R-modules from the 1-category hCorr®(Smy,).

4.1.23. Tt will be useful to have a description of the composition in hCorr®(Smg) in terms
of cohomology with support. Suppose that X, Y, T are smooth S-schemes and Z C X xgY
and Z' C Y xg T are reduced subschemes that are finite and universally open over X and Y
respectively. We will refer to the diagram

X xg T n T
pXT STT

ax X xgY xgT 2% Y xg T
lpxy sYl
X+ XxgY —2 Y.

Recall from 4.1.3 that Z' 0 Z C X xg T is the reduced subscheme pxt(Z"”) C X xg T where
7" =7 xy 7' € X xgY xgT. We define the pairing

0: Rz(X x5 Y,ryQy/g) x Rz (Y xg T, s707/5) = Rzroz(X x5 T, ¢1Q1/s)
as the composition
Rz(X x5 Y, 138y s) x Rz (Y x5 T, s107/g)
lpé‘w Xpyr
RzxsT(X X5 Y xs T, piyryQy/s) X Rxxsz (X Xs Y xg T, pypsiQr/s)
I
Rz (X xs Y x5 T, pxy vy /s + pyrstinys)
Jpxr
Rzroz(X xs T, ¢7Q7/3),
where p is the cup product and px is the Gysin map (2.2.4). More succinctly,

0(z,y) = px1i(pPXy T U pyry)-
We have the following comparison with the pairing %M defined in 4.1.3:

Lemma 4.1.24. The following diagram commutes, where the horizontal equivalences are in-
stances of (4.1.15):

Rz(X X Y,Qy) X RZI(Y X T7QT) i} RBM(Z/X) X RBM(ZI/Y)

| Jom

Rzoz/ (X x T, Qr) = RBM(Z 0 7/ /X).

Proof. Recall from 2.1.21 that we can factor the cup product as follows:

RZXT(X XY X T,Qy) X RXXZ’(X XY X T,QT)

idxi*l X}

RZXT<X XY x T,Qy) X RZH(Z X T,QT) L) RZH(X XY x T,QYXT),
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where i: Z x T — X x Y x T. In the following diagram, the left column is # and the right
column is §BM:

Rz(X x Y,Qy) x Rz (Y x T,Qp) —=— RBM(Z/X) x RBM(Z//Y)
idxi*p{‘(Tl lidxg*
Rz(X x Y, Qy) x Rgv(Z x T, Qp) —=— RBM(Z/X) x RBM(Z"/Z)

Pxy X idl

RzxT(X XY x T,Qy) X Rz (Z x T,Qr) pBM
7|
Rz (X XY xT,QvxT) = REM(Z"/X)
pen I
Rzoz (X x T, Q) = RBM(Z 0 7/ /X).
The three rectangles commute by 2.1.21 (1), (3), and (2), respectively. O

4.2. From framed correspondences to finite R-correspondences. Let R be a homotopy
associative ring spectrum. We will construct a canonical functor

®®: hCorr™(Schg) — hCorr®(Schg),

where Corr' (Schg) is the oo-category of framed correspondences constructed in [EHKT19].

4.2.1. For S-schemes X and Y, we define a map
(4.2.2) dF: Corr} (X,Y) = Corry(X,Y)

as follows. A framed correspondence from X to Y is given by a span

V4
N
X Y
where f is finite syntomic, together with a trivialization 7 € Maps z) (0, L)
Since the morphism f is finite syntomic, it has a fundamental class
ny € 1PM(Z/X, Ly)

(defined using the canonical factorization Z < V(f.Oz) — X, see 3.1.2). We will also denote
by
ny € RPM(Z/X, L)
its image by the map 1BM(Z/X, £;) — RBM(Z/X, L) induced by the unit 1g — R. Applying
the trivialization 7, we get an element 7.(n;) € RBM(Z/X).
The map (f,g): Z — X Xg Y is finite; we denote by V C X xgY its reduced image. Note

that V is finite and universally open over X. Using the proper pushforward in Borel-Moore
homology, we obtain (f, g)«(7«(ny)) € RBM(V/X). This construction defines a map

MapSK(Z)(O’Lf) %RBM(V/X)’ T (f,g)*(T*(T]f))-

Taking the colimit over the groupoid of finite syntomic spans from X to Y, we obtain the desired
map (4.2.2).
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Proposition 4.2.3. The maps (4.2.2) define an hSpc-enriched functor
®R: hCorr™ (Schg) — hCorr®(Schg)

such that the following triangle commutes:

re R
Schg ———— hCorr"(Schg).

”i/

hCorr (Schg)

Proof. Tt is clear that ®®(vy(f)) = I'®(f) for any S-morphism f, and in particular ®® preserves
identity morphisms. Let a = (Z, f,g,7) € CorrS (X, Y) and 8 = (Z', h,s,7') € Corr} (Y, T) be
framed correspondences, where 7 € Mapsy z)(0,£¢) and 7" € Mapsk (0, £p), and form the

composite 2-span
Z//
% X’)
Z VA
X Y T.
The composition 8 o « is then given by
Boa= (2" foh' kog o) e Corrl(X,T),

where o € Maps z)(0, £ fon) is the composite

T®T'

0—— h/*Lf @g,*Lh ~ Lfoh’-

We want to compare ®%(3) o ®%(a) and ®R(S o o). We first note the following equations
between fundamental classes:

9*(71177}1) CTHNf = g/*(T/)*nh’ C TN = U*(nh’ . 77f) = OxTMfoh’-

Here the first equality is the stability of fundamental classes under tor-independent base change,
the second holds by definition of o, and the last is the associativity of fundamental classes
[DJK18, Definition 2.3.6]. Let V C X XgY be the image of Z and V' C Y xg T the image of Z’.
We now consider the following diagram in which all parallelograms are Cartesian:

7!
rl
w
/ )
7 v 7!
P\L p/
\% >/ \%

X/ Ug\Y/ \T.
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For any z € RBM(Z/X) and 2’ € RBM(Z'/Y), we have the following equivalences in REM (V" /X)),
where the parenthetical justifications refer to [Dégl8a, 1.2.8]:

0Pl (2)  pa(2) = @ (P vTPL(2]) - 2) (projection formula)
= q.(9"pL(2") - 2) (composition)
= (129" (2") - 2) (base change)
= q.1 (g% (2) - 2) (compatibility with pushforwards)
= (qor).(g"(2) - 2). (composition)

Plugging in z = 7.ny and 2z’ = 7/n), and pushing forward the result to RBM(V’ 0V /X)) gives the
desired equivalence

PR(B) 0 R (a) ~ dR(B o ).
To see that ®® is indeed an hSpc-enriched functor, we must show that this equivalence is

natural in the pair (o, 3) € Corr(X,Y) x Corr (Y, Z). This is essentially obvious from the
construction, using the functoriality of fundamental classes discussed in 2.2.7 and 2.2.8. O

The following corollary is a variant of [DK18, Theorem 10.1].

Corollary 4.2.4. Let k be a perfect field and R € SH(k) a homotopy associative ring spectrum.
Let F be an A'-invariant presheaf of abelian groups on hCorr®(Smy) that preserves finite
products. Then the Nisnevich sheaf LynisF on Smy is strictly Al-invariant and the canonical
map He, (—, LyarF) — He, (—, LpisF) is an isomorphism for all i > 0.

zar nis

Proof. This follows from the existence of the functor ®*: Corr(Smj) — hCorr®(Smy) and
[EHK 19, Theorem 3.4.11]. O

4.2.5. Suppose that R is homotopy commutative. As explained in 4.1.12, hCorr®(Smg) is
then a symmetric monoidal category. Recall that Corr™(Smg) is also a symmetric monoidal
oo-category. One can easily check that the functor

®®: hCorr™(Smg) — hCorr®(Smg)

can be uniquely promoted to a symmetric monoidal functor in such a way that the natural
equivalence ®® o v ~ 'R is monoidal.

4.2.6. We now relate the functor ®% to the free R-module functor:

Proposition 4.2.7. Let R € SH(S) be a homotopy associative ring spectrum. Then the fol-
lowing diagram of hSpc-enriched categories commutes:

Ve ET b

hCorr'"(Smg) hSH(S)

LI)R lR@—
hCorr®(Smg) —5 Mody (hSH(S)).

Furthermore, if R is homotopy commutative, this square commutes in the 2-category of sym-
metric monoidal hSpc-enriched categories.

Proof. By definition of these functors, we have given isomorphisms MR®R(X) ~ R @ U5 Xy ~
R ® 727X for every X € Smg. Moreover, when R is homotopy commutative, these isomor-
phisms trivially intertwine the monoidal structures of these functors. It thus remains to show
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that the following square commutes for every X,Y € Smg:

Corr§ (X, Y) ————— Mapsgps) (SF X1, B Y4 )

(4.2.8) J l

Corr§ (X, Y) —— Mapsgps)(R® SFX4, RO SFY,).

By Theorem 3.3.10, the top horizontal map in (4.2.8) is the fundamental transfer tr,. Let
¢ =(Z, f,g,7) be a framed correspondence from X to Y, and let V C X x5 Y be the reduced

image of Z:

e
—
N

Then ®%(p) = (V,a) for some a € REM(V/X), inducing a natural transformation a: u* —
u' in R-modules. In the following diagram, the top row is tr, () (in the form described in
Remark 3.1.4), while the bottom row is MR®R(y):

A

X

S.

pp'ls 2 pyfafop'ls AN pfif'Pls ——= qgig'd'1s Y qig'1g

l | l l l

unit counit

pp' R~ b £ PR L pifif PR —2 pgig'p'R <2 gg'R

H unitT J{counit J{counit ‘

unit

pp' R~ puu*p'R —2— puu'p'R —=— pow'p'R <2255 ¢¢'R.

The square involving o commutes by definition of . The commutativity of the boundary of
this diagram witnesses the commutativity of the square (4.2.8). g

Remark 4.2.9. If R is Ay, we can replace the lower right corner in Proposition 4.2.7 by
hModg(SH(S)). Continuing Remarks 4.1.7, 4.1.11, and 4.1.13, we moreover expect that
this square can be promoted to a commuting square of oco-categories, and of &£,-monoidal
oo-categories if R is €,,41.

4.3. Voevodsky correspondences and Milnor—-Witt correpondences. We show that the
oo-category of finite HZ-correpondences (resp. of finite HZ—correspondences) recovers Voevod-
sky’s category of finite correspondences [MVWO06, Lecture 1] (resp. Calmes and Fasel’s category
of finite Milnor-Witt correspondences [CF17]). We then show that the functor ®"% (resp. ®%)
recovers the functor cyc constructed in [EHK'19, §5.3] (resp. the functor of Déglise and Fasel
[DF17, Proposition 2.1.12]).

4.3.1. Reminders on motivic cohomology. Over a Dedekind domain D, we will consider the mo-
tivic cohomology spectrum HZ € SH(D) constructed by Spitzweck [Spil8, Definition 4.27]. It is
an oriented € ,-ring spectrum that represents Bloch—Levine motivic cohomology. In particular,
for an essentially smooth D-scheme X and £ € K(X) of rank r, we have

(4.3.2) HZ(X, &) ~ 27 (X, %),

zar

7o (X, %) denotes the sheafification of Bloch’s cycle complex 2"(X,*) with respect to
the Zariski topology on SpecD. This identification is natural in X, where the functoriality

where z!
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of Bloch’s cycle complex comes from Levine’s moving lemma [Lev06]. If Z C X is a closed
subscheme of codimension ¢, the localization theorem [Lev01l, Theorem 1.7] implies that

(4.3.3) HZ7 (X, &) ~ 2, (7, *).

Recall that HZ belongs to the heart of the effective homotopy t-structure on SH(D) [BH18,
Lemma 13.6]. Being the zeroth slice of the sphere spectrum [BH18, Theorem B.4], the spectrum
HZ admits in fact a unique €..-ring structure with given unit.

When D is a field, HZ coincides with Voevodsky’s motivic cohomology spectrum, but this is
not known in general. In this case, Bloch’s cycle complex admits an €,-ring structure compat-
ible with the intersection of cycles [Blo86, §5], and the equivalence (4.3.2) is multiplicative.

4.3.4. HZ-correspondences vs. Voevodsky correspondences. We let Corg denote Voevodsky’s cat-
egory of finite correspondences between smooth separated S-schemes, as defined in [MVWO0G,
Appendix 14].

Lemma 4.3.5. Let S be the spectrum of a Dedekind domain, f: X — Y a morphism between
essentially smooth S-schemes, Z C X a closed subscheme flat over S such that the restriction of

f to Z is finite, and § € K(Y) of rank codim(f(Z),Y). Then the Gysin map
fii HZz (X, f*§ + Ly) = HZj(z) (Y, )

agrees with the pushforward of codimension 0 cycles f.: 2°(Z) — 2°(f(Z)) under the identifica-
tion (4.3.3).

Proof. Let n € S be the generic point. Since f(Z) is flat over S, the pullback 2°(f(Z)) —
29(f(Z) xsn) is an isomorphism, so we may assume that S is the spectrum of a field k. By limit
arguments, we can assume k perfect and Y smooth over k. Replacing Y by an open subscheme,
we can further assume that Z and f(Z) are smooth over k. Since the Gysin map is compatible
with purity isomorphisms, we are reduced to the following claim: if L/K is a finite extension
of finitely generated fields over &, the Gysin map Z ~ HZ(SpecL, £1,/x) — HZ(SpecK) ~ Z is
multiplication by [L : K]. This is a special case of [Dég18b, Example 3.2.9(1)]. O

Proposition 4.3.6. Let S be essentially smooth over a Dedekind domain. Then the symmetric
monoidal co-category Corr'%(Sms) is a 1-category and is equivalent to Corg.

Proof. For smooth S-schemes X and Y, we have

HZ . *
Corrg“(X,Y) ~ Zg%hxrr;Y HZz(X xs Y, 715y /s),

by 4.1.14. Tt follows from (4.3.3) that

HZy (X x5 Y, 7y Qys) ~ 2°(Z,%) ~ P 2.
7(0)
Hence,
Corr§*(X,Y)~ P 1z,
ZCXXsY

where the sum is taken over all integral closed subschemes of X xgY that are finite and surjective
over a component of X. In particular, Corr'%(Smg) is a 1-category, and its mapping spaces
are the same as in Voevodsky’s category.

To compare the composition laws, we use the description of the composition in Corr'%(Smg)
via the pairing 6 (Lemma 4.1.24). The composition in Corg is defined in exactly the same way,
except that it uses the intersection product and the pushforward of cycles instead of the cup
product and the Gysin map in HZ-cohomology. We must therefore show that these constuctions
yield cycles with the same multiplicities. Since the generic points of the cycles involved lie over
generic points of S, we can replace S by its generic points and hence assume that S is a field. In
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this case, the intersection product and the cup product agree because the isomorphism (4.3.2)
is compatible with the multiplicative structures. The fact that the pushforwards agree is a
special case of Lemma 4.3.5. Finally, the fact that the symmetric monoidal structures agree
also follows from the multiplicativity of the isomorphism (4.3.2). O

4.3.7. In [EHK™'19, §5.3], we defined a symmetric monoidal functor
cyc: Corr™(Smg) — Corg

sending a framed correspondence

X%ZXY

to the cycle (f,g)«[Z] on X xgY, where [Z] € 2°(Z) is the fundamental cycle of Z. By Proposi-
tion 4.3.6, we also have the symmetric monoidal functor

oHZ . Corrfr(Sms) — CorrHZ(SmS) ~ Corg
defined in §4.2.

Proposition 4.3.8. For S essentially smooth over a Dedekind domain, there is an isomorphism
of symmetric monoidal functors
®MZ ~ cyc: Corr™(Smg) — Cors.

Proof. Note that ®HZ and cyc send a framed correspondence to finite correspondences with
the same support, so it suffices to compare their multiplicities. Since the generic points of
their support lie over generic points of S and both functors are natural in S, this can be done
assuming that S = Spec k for some field k, which can moreover be assumed perfect by passing
to its perfection. In this situation, we prove the following more general uniqueness statement:
if

©1,¢2: Corr™(Smy) — Corrt'%(Smy,)
are symmetric monoidal functors that satisfy 1| Smy ~ I'% ~ 5| Smy, and send every framed
correspondence (Z, f, g, 7) to a finite correspondence with support (f, g)(Z), then p1 ~ @o. We
have induced symmetric monoidal functors

¢}, 05 SH™ (k) — DM(k)

such that ¢}|SH(k) ~ ¢3|SH(k). By the reconstruction theorem [EHK™19, Theorem 3.5.12]
it follows that ¢] ~ 5. To check that ¢ =~ 9, it suffices to compare their effect on a framed
correspondence o € Corrg(n,Y) with connected support, where 7 is the generic point of a
smooth k-scheme. Since ¢1(a) and ¢9(a) are supported on a single point, their equality can
be checked modulo rational equivalence, i.e., in hDM(k), so we are done. O

4.3.9. Reminders on Milnor—Witt motivic cohomology. Over a field k, we will consider the
Milnor-Witt motivic cohomology spectrum HZ e SH(k). We adopt the definition
HZ = x§(1),

where 7¢f are the homotopy groups in the effective homotopy t-structure. This definition is
due to Bachmann [Bacl7], and it is known to be equivalent to that of Calmes and Fasel when
k is infinite perfect of characteristic not 2 [BF18]. By definition, HZ is an &..-ring spectrum
in the heart of the effective homotopy t-structure. Moreover, since the unit map 1 — MSL is
a gﬁﬁ-isomorphism [BH18, Example 16.34], HZ is uniquely SL-oriented. In particular, we have
Thom isomorphisms

SEHZx ~ SiFEndet Oy Zy
for any X € Smx and ¢ € K(X) (apply [BH18, Example 16.29] to & — det &).
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Since the effective cover functor fo: SH(k) — SH (k) is t-exact for the respective homotopy
t-structures [Bacl7, Proposition 4(3)], we have

HZ ~ fomg (1)

Recall Morel’s computation (1), ~ KMW [Mor04]. More generally, for X a smooth k-scheme
and £ an invertible sheaf on X, we have an equivalence in SH(X)"
S5 0my(1x)s = KEW(L) = KMV g0 Z[L7]

by [Anal8, Lemma 2.9]. Therefore the canonical map HZ — KMW and the SL-orientation of

HZ induce maps of abelian groups

(4.3.10) mHZ(X, §) — Hi ' (X, KW (det €)),

natural in X € Smy, and £ € K(X), where n = rk&. If k is perfect, we can analyze the Postnikov
filtration of foKMW using Rost-Schmid complexes (see 4.3.12 below), and we easily deduce
that (4.3.10) is an isomorphism for ¢ = 0, 1. In particular, if Z C X is a closed subset, then
(4.3.11) moHZ7(X, €) =~ CHY(X, det ) = H, (X, KMW (det €)).

By continuity, these computations remain valid over arbitrary fields. Moreover, the isomor-
phism (4.3.11) is compatible with the multiplicative structures, since the product in Milnor-Witt
K-theory (which induces the intersection product on Chow—Witt groups) is induced by the ring
structure of the sphere spectrum.

4.3.12. Rost—-Schmid complexes. Let k be a perfect field, X a smooth k-scheme, £ an invertible
sheaf on X, and Z C X a closed subset. The Nisnevich cohomology of X with coefficients in
the sheaf KHMW(L) and with support in Z can be computed using the Rost—Schmid complex
Cy(X, KMV (L)), given in degree i by

GREMN@) = P K@) Lo w),
zeX(®ONZ

where W, = Wy(z)/0x ., [Morl2, Chapter 5]. In particular,
(4.3.13) CHy (X, £) ~ H"(C3(X, KN (£))).

The Rost—Schmid complex is functorial for flat morphisms in Smy: if f: Y — X is flat, there
is an induced map of complexes

Fro XK (L)) = Chon g (VK (£7£)),

defined in [Fas08, Corollaire 10.4.3]. On the other hand, for any f, there is a sheaf-theoretic
pullback

7 CHy(X, £) = CH} 1 () (Y, £7L),
which agrees with the pullback in HZ-cohomology (by the naturality of (4.3.11)).

Lemma 4.3.14. The isomorphism (4.3.13) is natural with respect to flat morphisms in Smy,.

Proof. Tt suffices to show that the canonical inclusion
KYW(X, L) = COXKMN(L) = @ KyWV(k(2),£)
xeX(0)

is natural with respect to flat morphisms. This is obvious because the flat pullback on C° is by
definition the sum of the pullbacks in Milnor—-Witt K-theory. 0
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If Z C X is smooth of codimension ¢, comparing Rost—Schmid complexes yields an isomor-
phism
I1: CHZ(X, £) ~ CH" “(Z, £ @ det(Nz,x) "),
called the purity isomorphism.

Lemma 4.3.15. Under the identification (4.3.11), the purity isomorphism 11 coincides with
the Morel-Voevodsky purity isomorphism (2.1.15).

Proof. We can reduce to the case of the zero section of a vector bundle using the functoriality
of the Rost—Schmid complex for smooth morphisms (Lemma 4.3.14), Jouanolou devices, and
étale neighborhoods (cf. [Hoyl7, Lemma 3.22]). Thus let V = V(&) be a vector bundle over
X € Smy. We must show that the following square commutes:

moHZx(V,6) — 22 rHZ(X, € — &)

CHZ (V,det &) — CH"¢(X, det(£) ® det(&)71).

The top horizontal map is now the identity map by [Voe03, Lemma 2.2]. Each vertical map
is the composition of the Thom isomorphism for HZ and the canonical map HZ — K}:/IW.
Levine shows in [Lev17a, Proposition 3.7] that the purity isomorphism IT above is the Thom
isomorphism of an SL-orientation on the cohomology theory represented by the motivic spec-
trum K}:/[W. By [PW10, Theorem 5.9], such an orientation is classified by a unital morphism
of spectra MSL — KIXIW. But since the unit map 1 — MSL is a my-isomorphism, there is
a unique such morphism. Therefore the map HZ — K*MW intertwines the respective Thom
isomorphisms, which implies the commutativity of the above square. O

4.3.16. Comparison of pushforwards in Chow-Witt theory. Let k be a perfect field, f: X =Y
a morphism between smooth k-schemes, Z C X a closed subscheme such that the restriction of
f to Z is finite, and £ an invertible sheaf on Y. We recall the definition of the Calmeés—Fusel
pushforward

for CHRM(X, f*L @ wy) — CHYy) (Y, £),
where d = rk(£Ly) [CF17, page 10]. It is induced by the morphism of Rost-Schmid complexes
for O KM (FP L @ wp)) = Cgy (Y KR (L)),
which in degree 7 is the sum of the absolute transfers [Mor12, Definition 5.4]
D KM@ reevew) - @ KMN(E@),Low).
zeX(it+tdng yeY @O Nf(Z)

Proposition 4.3.17. Let f: X — Y be a morphism between smooth k-schemes, let 7 C X be
a closed subscheme such that the restriction of f to Z is finite, and let £ € K(Y) be of rank
¢ = codim(f(Z),Y). Then, under the identification (4.8.11), the Gysin map

fre HZy (X, f*E+ L) = HZy 7 (Y, €)
(see 2.2.3) agrees with the Calmés—Fasel pushforward
for CHEM(X, det(f7€) @ wy) — CH 5 (Y, det(€)), d=rk(Ly).

Proof. Since ¢ + d is the codimension of Z in X, we have an exact sequence

0 CH"(X,£) » € GW(k(),Low) S P W) Low),

zeX(etdng zeX(etdt)ng
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where w; = wg(s)/0x - For o € X(etd) 0 Z. the map
CHSM(X, £) = GW(k(2), £ @ w,)
is the filtered colimit of the restriction maps
CHGM(X, £) — CHGEL (U, £) = CHY(Z N U, £ ® wynuu),

where U ranges over the open subschemes of X containing x and such that UNZ is smooth, and
IT is the purity isomorphism. By Lemma 4.3.15 and the fact that Gysin maps are compatible
with base change and with the purity isomorphism, we are reduced to the following claim: for
L/K a finite extension of finitely generated fields over k, the Gysin map HZ(SpecL, Lp/k) —
HZ(SpecK) coincides with the absolute transfer GW(L,wr, k) — GW(K). Without loss of
generality, we can assume that L = K(a) for some a € L. Both transfers can then be computed
in terms of the factorization

SpecLh N Py 2, SpecK.

More precisely, we use the geometric description of the absolute transfer from [Mor12, page 99].
It is the lower composition in the following diagram:

HZ(SpecL, L1,/x) ———— HZ(Pk, Lpy k) +———— HZ(SpecK)

= 1 gin

HZspee (P, £p1 k) —— HZp1 _o(Pk, Lp1 k) <=— HZo(Pk, Lp1 k),

where s: SpecK < Pj is the zero section. The commutativity of each square is an instance
of 2.2.3(1). Since pis1 = id, it follows that the absolute transfer coincides with the Gysin map
prar. O

4.3.18. HZ—/C\ol“respondences vs. Milnor—Witt correspondences. Let S be essentially smooth over
a field. By Corg we denote Calmes and Fasel’s category of finite Milnor—Witt correspondences
between smooth separated S-schemes, as defined in [CF17].

Proposition 4.3.19. Let S be essentially smooth over a field. Then the symmetric monoidal
oo-category Corr"%(Smg) is a 1-category and is equivalent to Corg.
HZ(

Proof. Since HZ is in the heart of the effective homotopy t-structure, Corr Smg) is a 1-

category by Proposition 4.1.20. For smooth S-schemes X and Y, we have

HZ : 7 *
X,Y)~ colim HZz(X xg Y, 74
Corrg™(X,Y) = colim HZz(X x5 Y,y ly/s)

by 4.1.14. It follows from (4.3.11) that

moHZ7(X x5 Y, 750y /s) = CHE(X x5 Y, mwy s).

In particular, the mapping spaces in CorrHZ(Sms) are the same as in Corg.

To compare the composition laws, we use the description of the composition in Corrt%(Smg)
via the pairing 6 (Lemma 4.1.24). The composition in (,]5}5 is defined in the same way, except
that it uses the Calmes—Fasel pushforward instead of the Gysin map, but these are the same
by Proposition 4.3.17. Finally, the symmetric monoidal structures agree by the multiplicativity
of the isomorphisms (4.3.11). O
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4.3.20. Compatibility with the functor of Déglise—Fasel. Let k be a perfect field. In [DF17,
Proposition 2.1.12], Déglise and Fasel define a functor

a: Corr®™(Smy,) — Cory,

where CorrS™(Smy) is the category whose objects are smooth k-schemes (separated and of
finite type) and whose mapping spaces are the sets

\/ Corrzﬁ’"(X,Y)
n=0
(see [EHKT19, 3.4.7]). The rest of this section will be devoted to the proof of the following

comparison theorem:

Theorem 4.3.21. Let \: Corr™(Smy,) — hCorr!™ (Smy) be the functor defined in [EHK*19,
3.4.7). Then the following diagram commutes:

Corr¢ (Smy,) —2— Cork

|

hCorrf (Smy,)

4.3.22. We briefly recall the construction of the functor a. On objects one has a(X) = X.
Given an equationally framed correspondence ¢ = (Z,U, ¢, g) € Corrzﬁr’"(X,Y)7 we construct a
finite MW-correspondence a(c) € Cory(X,Y) as follows.

Write ¢ = (¢1,...,%,) and denote by |p;| the vanishing locus of ¢;: U — Al so that
Z = |p1|N--N|en|. Since Z C U is everywhere of codimension n, |¢;| does not contain any
generic point of U. Each ¢; can thus be seen as an element of P, .0 #(u)* and hence defines
an element [¢;] € B,y KW (k(u)). Applying the residue map

o @ KW(k(w) — P KV (r(e),w.)
weU0) rcU)

we obtain an element 9[p;] supported on |gp;|, which defines a cohomology class
Z(pi) € HE,, (U KY'™Y).
Using the product in Milnor—Witt K-theory, we get an element
Z(p) = Z(p1) - .- Llpn) € HE(U,KNW) = CHZ (V).

The étale morphism u: U — A% induces a trivialization wy x >~ u*warn/x =~ Oy. Denote
by m: A% — X the projection. Since Z is finite and equidimensional over X, the morphism
(ru,g): U — X x Y sends Z to a closed subscheme T, which is finite and equidimensional
over X. The finite MW-correspondence a(c) € Corg(X,Y) is then the image of Z(g) by the
Calmes—Fasel pushforward

(1, )« : CHE(U) = CHE (U, wy,x) — CHE(X x Y, wxxy/x), d=dim(Y).

4.3.23. The first step in the proof of Theorem 4.3.21 is to recast the construction of Z(y) as a
Thom class.

We recall that for E a motivic ring spectrum, the Thom class of a locally free sheaf & on X
is the image of 1 by the purity equivalence E(X) ~ Ex(V(€), ). By Lemma 4.3.15, the Thom
class of € in Chow—Witt theory has an explicit representative in the Rost—Schmid complex,
namely

le @ GW(k(x)) ~ CE(V(E), KV (det &), n=rkE.
zeX(0)
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Lemma 4.3.24. Let X,Y € Smy, and let ¢ = (Z,U,p,g) € Corrzfr’"(X, Y). Assume that the
morphism ¢: U — A} is flat. Let t,, € CHF (A7) be the Thom class of the trivial vector bundle
A} — Speck. Then Z(p) = ¢*(t,) in CHy(U).

Proof. It is enough to show that Z(p;) = ¢} (t1), because Z(p) = Z(p1)-. . .-Z(py) and the Thom
class is multiplicative with respect to direct sum of vector bundles. By Lemma 4.3.14, since
@;: U — A} is flat, the pullback ¢} on Chow-Witt groups can be computed using Rost—Schmid
complexes. The commutative square

CO(AL KMW) 2L, co(u, KMW)

0| lo
CHALKI™) S ¢ KIY)
shows that 9[¢;] = ¢f(9[ida1]) in C‘l%_‘ (U, KMW), hence that Z(g;) = ¢*(Z(ida1)) in a\ﬁllwil(U).
It remains to observe that Z(ida1) = t1, since the residue map 0;: KW (k(t)) — GW (k) takes
[t] to 1. O

4.3.25. The following lemma shows that the flatness assumption in Lemma 4.3.24 is essentially
vacuous.

Lemma 4.3.26. Let S be a regular Noetherian scheme and X,Y € Schg. Suppose that X is
flat over S. Then, for every (Z,U,p,g) € Corrgﬁr’"(X7 Y), the morphism ¢: U — Ag is flat in
an open neighborhood of Z.

Proof. It suffices to show that ¢: U — A is flat at every point z € Z. Let s = ¢(z) and let
(@1,...,24) € Og s be aregular system of parameters. By [EHK*19, Proposition 2.1.18], Z is flat
over S and (1, ..., ¢p) is regular sequence in Oy , with quotient Oz .. The flatness of Z implies
that the image of (x1,...,24) in Oz, is a regular sequence. Thus, the local homomorphism
p*: OAégS — Ou,, sends the regular system of parameters (t1,...,¢n,21,...,24) to a regular
sequence. The criterion of [Stacks, Tag 07DY] now shows that ¢ is flat. O

Proof of Theorem 4.3.21. Let X, Y € Smy and let ¢ = (Z,U,p,g) € Corrzfr’”(X,Y) be an
equationally framed correspondence:

Let 7 € Mapsk 7 (0,£¢) be the induced trivialization of the cotangent complex and let T =
(f,h)(Z) ¢ X xY. By Lemma 4.3.26 we can assume that ¢: U — A} is flat. Combining
2.1.21(2) and Proposition 4.3.17, we have a commutative square

HZBM(7/X) — M gzBM(T/X)

=] E

CHE(U) ™2, CHI(X x Y, wy /x)-
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It is thus enough to show that Z(p) € é\ﬁg(U) corresponds to 7. (1) € HZPM(Z/X) under the
left-hand isomorphism. We have

Z(p) = ¢ (tn) (Lemma 4.3.24)
=*0i(1) (definition of the Thom class)
= 7d1(1), (base change)

where 0y and 4, are the Gysin maps defined in 2.2.3. To conclude, note that the isomorphism

sends 7 (1

[AGP1g]
[Anal8]
[Ayo08]
[Bacl7]
[Bal05]
[Barl7]
[BF18]
[BH1g]
[Blo86]
[BY18]
[CD19]

[CF17]
[Cis13]
[Dégl8al
[Dég18b)
[DF17]
[DJK18]

[DK18]
[Drulg]

[EHK19]
[EK19]
[Fas08]
[FO17)

[Ful9g]
[GNP18]

[GP18a]

[GP18b]
[GR71]

[Hoy14]

[Hoy17]

HZ7(U,N;) ~ HZPM(Z/X, L ¢)
) to ny, by definition of 4. O
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